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PREFACE 

As the physics of low temperatures embraces practically 
every branch of the subject, it is quite impossible to 
deal with the whole of the available material in a short 
monograph. It has therefore been necessary to make 
a most rigid selection, and to treat in detail only a few 
sections of the subject selected for their particular 
interest. Further, the subject matter of this book is 
in general restricted to temperatures not higher than 
that of liquid air, and deals mainly with that range of 
temperature, l°-20° K, which is accessible only in the 
specially equipped cryogenic laboratories. 

Although the pioneer work of Dewar and of. Travers 
was carried out in England, scientific research at very 
low temperatures has been completely in abeyance in 
this country during the last twenty-five^years. It is 
therefore a matter for satisfaction to note that interest 
in the subject has been revived recently, and the 
facihties for such work have been greatly improved. 
Liquid hydrogen is now available at the new Mond 
Laboratory of the Royal Society at Cambridge, at the 
Clarendon Laboratory at Oxford, and the Wills 
Laboratory, University of Bristol. A small helium 
liquefier of the type described by Simon and Ahlberg 

v 
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is in operation at Oxford, and apparatus for the lique- 
faction of helium on a fairly large scale has been installed 
at Cambridge. 

I am greatly indebted to Professor A. M. Tyndall 
and to several colleagues on the staff of the Wills 
Laboratory for their continued interest and for numerous 
valuable discussions during the preparation of this book. 

L. C. J. 

H. H. WilijS Physical. Labouatory, 

Thr University, Bristol. 
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CHAPTER I 

THE PRODUCTION OF LOW TEMPERATURES 

The Liquefaction of Air, Hydrogen and Helium 

All physical experiments at very low temperatures 
involve the use of liquefied (or solidified) gases in 
some way or other. The liquefaction of gases is thus 
an important branch of low temperature physics, and 
the principles underlying the methods employed will 
therefore be discussed briefly, with special reference to 
the cases of air, hydrogen and helium. With the aid 
of these three liquefied gases it is possible directly or 
indirectly to experiment over the whole range from room 
temperature down to 1*^ K., or even lower. 

Apart from the now obsolete cascade process, there 
are two types of method available for the large scale 
liquefaction of air (and hydrogen and helium), that which 
employs the Joule -Thomson effect (expansion of a gas with 
the performance of internal ” work) to produce the 
necessary cooling (Linde, Hampson), and that which 
employs in part at least the j-everaible exp^Lp^ioTi 

with the performance of ‘‘ external ” work (Claude, 
Heylandt). 

‘‘ Internal Work ” Methods of Gas Liquefaction 

The essentials of a liquefier using the Joule -Thomson 
effect are shown diagrammatically in Fig. I . Compressed 
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gas enters the inner tube of the “ Heat interchanger ” 
H at a pressure and temperature Ta* It then expands 
at the valve V to a pressure and the temperature falls 
on account of the performance by the gas of ‘‘ internal 
work ” in expanding against the forces of attraction 
between the molecules. The cooled expanded gas then 
passes up the outer tube of the interchanger, cooMng the 
incoming compressed gas as it does so. The expanded 
gas leaves the liquefier at the pressure and tempera- 
ture Tb (Tb is nearly equal to Ta if the 
interchanger is efficient). The cooler 
compressed gas expands at V, and is 
thereby further cooled and so on until 
the temperature at the lower end of the 
inter changer has fallen by this “re- 
generative ’’ process sufficiently low for 
the gas to liquefy. A part of the ex- 
panded gas will then liquefy and collect 
at C (temperature = Tc). 

In such an expansion, provided there 
is no appreciable change in kinetic energy 
of the gas or after any change of kineliic 
energy has subsided, the “ total heat ’’ 
or “ enthalpy ’’ H of the gas before and. 
after expansion remains constant, since 
Fig. 1. process takes place adiabatically, no 

heat being allowed to enter the system 
from outside. We therefore have * / 

Ha = Ua + PxVa == Hb = Ub + p^v^ (1) 

(U = internal energy, p = pressure, v = volume per 
unit mass). 

Theory indicates that the change of temperature dT 
which results when the pressure of a gas changes by an 
amount dp on passing a throttle or expansion valve is 
given by 

* For the thermodynamical theory of the Joule-Thomson effect 
and its inversion,” see Porter, Thermodynamics,” Methuen’s 
Monographs on Physical Subjects. 
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(Cj, = specific heat of gas at constant pressure). 

The change of temperature dT is known as the dif- 
ferential Joule-Thomson effect/’ and as appears from 

(2) its sign depends on the sign of 

There is thus a fall in temperature on expansion when 
this quantity is negative and a rise when it is positive, 
while there will be no change in temperature on ex- 


pansion when 
dition lie on what 


— Points satisfying this con- 
known as the inversion curve ” 


and when plotted on a (reduced pressure and 

temperature) diagram are found to give a parabola or 
some similar curve according to the equation of state 
adopted. Points lying inside the curve represent con- 
ditions which lead to cooling on expansion, points out- 
side the curve to warming on exjiansion. 

In any, actual liquefier the pressure drop is finite and 
usually large (150 atm. to 1 atm.) and the drop in tem- 
perature AT is produced by the ‘‘ integral Joule-Thomson 
effect ” : — 



The integral effect ” also inverts for certain condi- 
tions of p and T and gives an inversion curve ” 
similar to that of the “ differential effect.” 

In applying the Joule-Thomson effect to the lique- 
faction of gases it is first necessary so to choose the 
initial pressure and temperature of the gas that ex- 
pansion produces a fall in temperature throughout the 
range of temperature which will exist in the liquefier. 
This condition presents no difficulty wdth air, as the effect 
is negative at room temperature for any pressure hkely 
to be employed. On the other hand, the effect is positive 
at room temperature with hydrogen and helium. In 
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actual practice these gases are cooled to 05°-90° K. 
and 15° K. respectively before expansion in order to 
bring them well inside the ‘‘ inversion curve.” 

The temperature at which the gas enters the actual 
liquefier having then been fixed, we can enquire what 
pressure of the gas before expansion will give a maximum 
yield of liquid. This can be calculated as follows : — 

Suppose the liquefier has reached a steady state and 
is liquefying gas at a constant rate. A certain quantity 
of gas enters the apparatus per second at a pressure px 
and temperature Ta. The gas expands to a pressure 
Pb and a certain fraction € is liquefied and collects at 
the bottom of the liquefier at temperature To. The 
remainder passes through the heat interchanger and 
leaves at a pressure pB and temperature Tb. If the 
interchanger is perfect, Tb = Ta. When the steady 
state has been reached we can equate the “ total heat ” 
of the compressed gas entering the liquefier to the sum 
of the ‘‘ total heat ” of the liquid produced and that of 
the expanded gas leaving the apparatus. Or if Ha, Hb, 
He are the total heats per unit mass, we have 


Ha - (1 ™ €)Hb + eHc 
Hb Ha 
" Hb - He* 


( 3 ) 


The fraction e is known as the efficiency of the liquefier. 
We have to determine the conditions for which e is a 
maximum. Since now pbj Tb, Pc> Tq and Ta are all 
fixed by the design of the liquefier, the yield can be 
varied only by varying Pa> the input pressure. From the 
above formula e will be a maximum when Ha is a mini- 
mum (Hb and H^ are constant). This occurs when 

~ 0 . Now from equation (2) the change in 

\ 'bp Jt 

temperature produced by the differential J oule -Thomson 
effect is given by 


1 /bii 
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Hence the above condition for a maximum yield of 
liquid requires that the input pressure and temperature 
are situated on the inversion curve of the differential 
Joule-Thomson effect. ^ A knowledge of the inversion 
curve therefore permits the calculation of the most 
favourable input pressure for any chosen input tem- 
perature and the theoretical efficiency can be deduced 
when H is known as a function of p and T. 

Thus for air Hj-uscn’s ^ data for the Joule-Thomson 
effect show that the maximum efficiency is obtained 
when the input pressure is 275 atm. if the air enters 
at room temperature (290° K.) and expands to 1 atm. 
pressure. This may be compared with the conditions 
employed in the Hampson * liquefier, input pressure 
150-200 atm., input temperature 290° K., expansion to 
I atm. This liquefier does not, therefore, work under 
the theoretically most favourable conditions. It has, 
however, the advantage of simplicity and ease of 
manipulation and is used for the small scale production 
of liquid air for laboratory purposes. The theoretical 
efficiency for the actual input conditions is such that 
about 8 per cent, of the air entering the liquefier should 
be drawn off as liquid. Actually the efficiency of the 
commonly used 1 litre/hour size machine is rather less 
than that. 

In the larger air liquefiers using the Linde process 
the overall efficiency is increased by two differences in 
technique compared with the Hampson process. The 
air enters the liquefier at 200 atm. pressure after being 
cooled to about 40° C. by means of an ammonia 
refrigerating machine, whereby the fraction of air 
liquefied is considerably increased. Further, the air 
expands to about 40 atm. instead of to 1 atm., whereby 
the Joule-Thomson cooling is not greatly reduced but 
the amount of work which has to be done in compressing 

* It is assumed that the reader is familiar with the construc- 
tional details of the Hampson and Linde air liquefiers. Diagrams 
illustrating the processes are to be found in most advanced 
text-books on Heat. 



6 


LOW TEMPEBATURE PHYSICS 


the air is much less. The main bulk of the air has only 
to be compressed from 40 to 200 atm., and only that 
fraction of the air which actually liquefies and so leaves 
the circulation has to be compressed from 1 atm. to 
200 atm. Since the work done in compressing a gas 

isothermally from pressure to pressure is BT log — , 

it will be seen that there is a considerable saving in 
power reqfiired by adopting Linde’s procedure. Thus 
2*7 kilowatt-hours are theoretically required to produce 
1 kilogram of liquid air by simple expansion from 
290° K. and 200 atm. to 1 atm., while only 0*9 kw.h. 
are required if the air is precooled and expanded as in 
the Linde process. The theoretically most favourable 
input pressure for an input temperature of — 40° C. 
and expansion to about 40 atm. is 210 atm. in agreement 
with the figure (200 atm.) actually used. 

Similarly one can calculate that the optimum input 
pressure for the liquefaction of hydrogen is about 160 
atm. when the input temperature is between 63° and 
80° K. and the gas expands to 1 atm. Actually pressures 
from 150 to 165 atm. are found to give the greatest 
yield of liquid and the actual efficiency obtained is 
very close to that calculated theoretically (0-285 in 
place of 0*295 for the Leiden^ liquefier with ~ 150 
atm., T^ = 63° K.). For helium the optimum input 
pressure is about 30 atm., for an input temperature 
of 15° K. and expansion to 1 atm. Actually this pressure 
gives the best results in practice and a yield of about 
0*13 is obtained. 

The problem of the liquefaction of hydrogen is more 
complicated than that of air. The compressed gas has to 
be cooled as far as is readily possible below the inversion 
temperature before being allowed to expand, some 
means has to be adopted to prevent the narrow tubes 
of the liquefier being blocked by the freezing of the traces 
of impurity present in commercial hydrogen (mainly 
oxygen) and special precautions have to be taken to 
eliminate the risk of explosion (a 5 per cent, hydrogen-air 
mixture is violently explosive). 
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The liquefaction of hydrogen was first achieved by 
Dewar in 1898, Since then a number of small and 
large scale plants have been erected for this purpose 
in various parts of the world, the best known being 
that at the Kamerlingh Onnes Laboratory of the 
University of Leiden, Holland (25 litres per hr.) and 
that at the Physikalisch- ^ 

Technische Keichsanstalt in 
Berlin (15 litres per hr.) * 

Fig 2 shows diagrammatically 
the construction of the hydrogen 
liquefier of the Mond laboratory 
of the Royal Society at Cam- 
bridge.^ A limited quantity of 
very pure hydrogen is com- 
pressed to 160-170 atm. and 
enters the liquefier at 1. It 
po-sses through the interchanger 
A (actually a series of fine 
tubes in parallel) and then 
through the cooling bath B, 
where it is cooled to about 
66° K. in liquid nitrogen boiling 
under reduced pressure. It next 
passes through the regenerator 
coil D, expands to 1 atm. at the 
valve E and partially liquefies q 
into the container F. When F 
is about one -third full the liquid 
hydrogen passes through the 6 

tube 6 and the coil in the inter- Fig. 2. 

changer G. It evaporates there 

and passes back through the coils D and A and leaves 



* For a description of the liquefiers and the precautions taken 
for safety see Leiden Comm. No. 158 and Suppl. No. 45 (Leiden 
liquefier) and Geiger- Scheel, “ Handbuch der Physik,” vol. 11, 
article by Meissner, and Wein-Harms, “ Handbuch der Ex- 
perimental Physik,’* vol. 9, Part T, article by Lenz (Berlin 
liquefier). 
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the liquefier at 2. The hydrogen is then recompressed 
and returns to the apparatus again. The compressed 
gas is thus cooled progressively in A, B and D until the 
temperature falls low enough on expansion for part 
of the gas to liquefy in F. The heat interchange is 
so efficient that the expanded gas leaves at 2 at only 
a few degrees below room temperature. Ordinary 
commercial hydrogen from cylinders enters the liquefier 
at 3 at a pressure of 3-4 atm. It is cooled in the inter- 
changer A and the nitrogen bath B and then passes into 
G. It there meets the spiral cooled with liquid hydrogen 
and liquefies on it at the pressure of 3 atm. The liquid 
hydrogen produced in the chamber G passes through the 
spiral in F, where its temperature falls to that of liquid 
hydrogen boiling under 1 atm. pressure, 20° K., and is 
finally drawn off at the valve H into a suitable container. 
The impurities present in the commercial hydrogen 
solidify in G and not before and, as they are denser tli^,n 
liquid hydrogen, they collect at the bottom of G and can 
be removed at the end of the run. The whole liquefier 
is enclosed in a metal case in which a high vacuum is 
maintained so as to provide g ood: h eat insulation. 

The liquefier in its present form receives compressed 
hydrogen at the rate of 16 c. metres per hr. and produces 
about 4 litres of liquid per hr. The efficiency (about 
0-25) is in good agreement with that calculated from 
expression (3) for the input conditions employed. 

The liquefaction of helium is a matter of still greater 
difficulty than that of hydrogen, as the gas must be 
eooled in liquid hydrogen before the Joule -Thomson 
effect can be used to lower the temperature below the 
critical temperature (5*2° K.). Helium was first liquefied 
by Kamerlingh Onnes at Leiden in 1908 and until 
recent years this was the only place in the world at which 
physical measurements could be made in the range of 
temperature 1-5° to 4-2° K. Several relatively large 
scale helium liquefiers (yield 1-2 litres per hr.) are how- 
ever now in existence and reference may be made to the 
papers cited in the footnote on i)age 7 for the details 
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of the plant at Leiden and Berlin. Fig 3 shows the small 
scale helium liquefier designed by Ruhemann,^ which 
has the merit of extreme simplicity. Helium from a 
cylinder passes through a reducing valve, then through 
a tube containing charcoal im- 
mersed in liquid air to remove 
impurities, and enters the liquefier 
at O at a pressure of 30-40 atm. 

It then traverses the coil L in the 
bath of liquid hydrogen in the 
Dewar vessel G and so is cooled 
well below the inversion tempera- 
ture which lies below the tempera- 
tures obtainable with liquid air. 

The gas then passes through the 
inner tube R^ of the Linde pattern 
interchanger A which is enclosed 
in Jbhe evacuated metal case M. 

It then expands to 1 atm. pres- 
sure at the valve D (not shown in 
detail) and after passing through 
the outer tube Rg of the inter- 
changer escapes into the atmo- 
sphere at P. With a rate of flow 
of about 1-5 litres per min. and 
the liquid hydrogen boiling at 
about 10 cms. pressure (T = 15"^ 

K.) the receiver B is cooled to 
the temperature of the normal 
boiling-point of helium, 4*2° K., 
in 7 mins. The amount of liquid 
hydrogen required is quite small, 
about 1-5 litres. The temperature Fig. 3. 

of B is indicated by the small 

gas thermometer C, the metal bulb of which is directly 
attached to the bottom of B. C is connected to a 
mercury manometer by means of the fine capillary R 5 . 

This small liquefier permits of experiments being made 
at temperatures from IS"" K. down to about 1-9° K. 




10 


LOW TEMPERATURE PHYSICS 


with any apparatus or material which can be enclosed 
in the receiver B and at relatively small cost. 

The '' External Work ” Methods of Gas 
Liquefaction 

Suppose a volume of gas enters the cylinder of an 
engine at a pressure pj and then expands adiabatically 
and reversibly, forcing down the piston (supposed 
frictionless) and doing work on some external system 
until the volume has increased to and the pressure 
has fallen to The outlet valve then opens and the 
piston rises, forcing the gas out at pressure pg- Then 
the total amount of work done by the gas will be 

vdp = Hi - Ha 

and the temperature of the gas will fall from to’Tg. 
If the equation of state of the gas can be written 
as ‘pv — (Cj, — C^)T (C^, specific heat at constant 
pressure and volume respectively), the work done will 
be 

W - C^(Ti - T^) - Hi - Ha 
and the final temperature will be given by 



The drop in temperature calculated from (4) is greater 
than that obtained by throttle expansion from pressure 
Pi to pressure pg. It would thus seem that it is pre- 
ferable to cool the gas by the performance of ‘‘ ex- 
ternal ” work rather than ‘‘ internal work in the lique- 
faction of gases. In actual practice the difficulties of 
the realization of the “ external ’’ work method make 
the two types of process of practically equal efficiency 
for air liquefaction. 

The application of the expansion engine to the 
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liquefaction of gases forms the basis of the Claude and 
Heylandt methods. Fig. 4 illustrates one of the types 
of liquefier employing the Claude process. Air com- 
pressed to about 40 atm. passes through the interchanger 
I, where it is cooled to about — 80° C. by the expanded 
gas. It then divides, 
a fraction M passing 
through the inter- 
changer II and 1 — M 
through the expan- 
sion engine E. The 
gas expands in the 
engine to I atm. pres- 
sure (in some Claude 
liquefiers in two stages 
40-6*3 and 6*3-1 atm.), 
doing external work 
suoh as driving a 
dynamo and is cooled 
thereby. The cold 
gas then passes 
through the inter- 
changer II and so 
cools the fraction M 
of the gas that a 
portion of it liquefies 
and collects in L after 
expansion to 1 atm. 
pressure at the valve 
V. The portion which 
is not liquefied re- 
turns to the open air 
through the inter- 
changers III, II and I as shown. The expansion engine 
is not used to lower the temperature of the air to such 
an extent that it liquefies in the cylinder but only to 
produce part of the necessary cooling, the remainder 
being obtained by throttle expansion at V. This is 
done for technical reasons mainly, because of the in- 



Fig. 4. 
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creasing difficulty of lubricating the piston at low tem- 
peratures. 

The efficiency of the liquefier depends in a rather 
complicated way on the temperature and pressure of 
the air before expansion in the engine and the fraction 
1 M of the air passing through it. For each initial 
pressure there is a most favourable value of the tem- 
perature of the air before expansion in E for every 
value of M and the actual conditions are best determined 
by experiment. Typical figures are : pressure = 40 atm., 
M = 0-2 (i.e. 20 per cent, of the air goes through the 
throttle and 80 per cent, through the expansion engine) 
and T 2 = — 80° C. 

The Heylandt process differs from the Claude process 
in detail rather than in principle. In this case the air 
is compressed to 200 atm. and a fraction 1 ~ M enters 
the expansion engine at room temperature. After 
expansion the cold air passes through an interchanger, 
cooling the fraction M of the compressed air which is 
then allowed to expand to 1 atm. at a valve and parti- 
ally liquefies. 

One of the principal technical difficulties in the ap- 
plication of the “ external work ’’ method is that of 
maintaining the piston of the expansion engine gas-tight 
and lubricated in spite of the low temperature of the 
expanded air. The cylinder of the Claude engine is 
heat insulated and so reaches a temperature approxi- 
mating to that of the expanded air and the piston is main- 
tained gas-tight by means of a patented impregnated 
leather cup which needs no further lubrication. The 
Heylandt engine is not insulated and remains approxi- 
mately at room temperature so that ordinary lubrication 
can be employed. It is, however, run at high speed, so 
that the expanded air is swept out of the cylinder before 
it can cool the latter appreciably. 

The Claude process, using a pressure of 40 atm. and 
with a partition ratio M — 0*2, requires 0*87 kilowatt-hr. 
per kilogram of liquid air produced, thus nearly the 
same as the Linde process. The Heylandt process, 



THE PRODUCTION OF LOW TEMPERATURES 13 


using a pressure of 200 atm. and M ™ 0-4, requires about 
0-7 kilowatt-hr. per kilogram of liquid air. 

The “ external work ” method has not been applied 
successfully to the liquefaction of hydrogen or helium 
and it is not probable that it will prove advantageous 
to do so.* While the fall in temperature on throttle 
expansion increases with decreasing initial temperature, 
that produced by the expansion engine decreases with 
decreasing initial temperature since 
in the latter case the ratio of the 
initial and final temperatures re- 
mains the same for any given ratio 
of initial and final pressures. 

Simon’s Desorption Method 

A further method by which very 
low^ temperatures can be produced 
and if desired helium liquefied 
on a small laboratory scale de- 
serves mention. The method was 
suggested by Simon ^ and is illus- 
trated schematically in Fig. 5. 

Charcoal C which has been previ- 
ously activated and freed from gas 
is cooled to the temperature of the 
bath of liquid hydrogen contained 
in the vacuum vessel by conduction 
across the space /. Helium is then Fig. 5. 

allowed to enter through the taps 
1 and 2 and is adsorbed in relatively large quantities 
by the cold charcoal. The space / is then evacuated 
so as to insulate the charcoal and the adsorbed helium 

* Since the above was written Kapitza has, however, succeeded 
in liquefying helium by firstly cooling the compressed gas to 
about 66° K. in a bath of liquid nitrogen, then to about 9° K. in 
a specially designed expansion engine which ingeniously avoids 
lubrication difficulties and which apparently works regeneratively 
(the Claude and Heylandt engines are non-regenerative), and 
finally to 4° K. by Joule-Thomson cooling at an expansion valve. 
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is pumped off through the taps 1 and 3. The heat of 
adsorption of the helium on the charcoal is removed 
and the temperature of the latter falls to such an 
extent (below 5-2°, the critical temperature) that if 
helium at a suitable pressure is passed through the 
tube T it condenses and collects in K. The experimental 
apparatus, such as a calorimeter, can be enclosed in K 
and so measurements made between 14° K., the lowest 
temperature obtainable with the liquid hydrogen bath, 
and about 2° K. The method permits of helium 
temperatures ’’ * being obtained at relatively small 
cost, provided liquid hydrogen is available. For some 
purposes the apparatus can be immersed directly in 
the charcoal and the liquefaction of the helium dispensed 
with, so further reducing the cost of the experiment. 

The same principle can be employed to produce 
temperatures below the lowest obtainable with liquid 
air by the adsorption of hydrogen, using liquid nitrogen 
as the cooling bath. It is also possible to liquefy hydro- 
gen in small quantities with the aid of this apparatus. 

The Manipulation of Liquefied Gases and the 
Maintenance of Low Temperatures 

Liquefied gases can be stored in the now famiUar 
vacuum vessels (or Dewar vessels) of glass or metal 
with relatively little loss by evaporation. A typical 
metal vacuum flask is shown in Fig. 6. The charcoal 
C serves to adsorb the residual gases in the vacuum 
space when cooled by the liquefied gas and so maintain 
an adequately high vacuum. The long narrow neck 
of nickel-silver minimizes loss by conduction. Such 
vessels will preserve liquid air for many days, the loss 
with a good 15-htre flask being about 7 per cent, of the 
contents per day. 

Liquid hydrogen can also be stored in glass or metal 

* It is convenient to speak of “ helium or “ hydrogen ’ 
temperatures when the temperatures obtainable with these 
liquefied geises are intended. 
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vacuum flasks, tke metal ones for tliis purpose being 
provided with a radiation shield or a third surface, 
cooled with liquid air, in the vacuum space between 
the inner and outer walls. Although the latent heat 
per gram of liquid hydrogen is not very different from 
that of liquid oxygen, the volume of hydrogen lost by 
evaporation per unit time for any flask will be much 
greater than the volume of oxygen lost on account of 
the remarkably low density 
of liquid hydrogen (0*08 at 
20° K against 1-13 at 90° K. 
for liquid oxygen). On ac- 
count of its very great vola- 
tility liquid helium is not 
usually stored and trans- 
ported but the experiments 
are generally made in the 
liqmefier itself or in a vessel 
directly attachable to the 
latter. 

In the case of liquid hydro- 
gen and helium it is essential 
to prevent air coming into 
contact with the liquid as 
otherwise the flask would 
rapidly fill with solidified air. 

The fiask is therefore closed 
with a metal cap provided 
with an inlet and outlet for 
the liquid and an outlet for 
the vapour produced by the 
evaporation of the liquid. The liquid is then transferred 
to any apparatus to be filled by blowing it over with an 
excess pressure of the same gas from a cylinder with a 
reducing valve or from a rubber balloon in which the 
vapour has been allowed to collect by temporarily closing 
the vapour exit. The connection between the supply 
flask and the apparatus is best made with a tube which 
is itself silvered and vacuum-jacketed to present loss by 
evaporation. 
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Liquefied gases can be applied in various ways to 
the maintenance of low temperatures. In one type 
of cryostat (or low temperature thermostat) a bath of 
some liquid which does not solidify at the low tem- 
peratures required is cooled by means of liquid air and 
the temperature adjusted if necessary by means of the 
current in the heating coil. Thus in the Henning 
cryostat,® Fig. 7, pentane contained in a vacuum vessel 
is cooled by a slow stream of liquid air through the 

porcelain U-tube G. A stirrer 
keeps the pentane in motion 
and serves to maintain a uni- 
form temperature. The tem- 
perature of the bath is deter- 
mined by the rate of flow of 
the liquid air into G and can 
be kept constant to a few 
hundredths of a degree over 
the range 0° to — 150"" C. 
Other cryostats of this type 
differ in the mode of applica- 
tion of the liquid air to the 
cooling of the pentane bath. 
The disadvantage of these 
cryostats is the danger of ex- 
plosion of the very inflammable 
pentane, but this can be avoided 
for the higher temperatures 0° 
7 . to -- 81® C. by the use of a 

non-inflammable mixture of 
carbon tetrachloride and chloroform. 

A further type of cryostat employs a regulated stream 
of cooled gas as the refrigerating agent. Thus hydrogen 
may be passed through a bath of liquid air into the 
vacuum vessel containing the experimental apparatus, 
using an arrangement similar to that of Fig. 9, and 
temperatures down to — 180® C. maintained constant. 
The chief limitation of such a cryostat is the small heat 
capacity of the gas. 
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The most highly developed method of obtaining 
accurately controlled low temperatures is that of 
immersing the apparatus directly in a bath of some 
pure liquefied gas. The liquid is stirred and the pressure 
at which it is boiling is accurately controlled. The 
pressure range usually employed is that from atmo- 
spheric pressure downwards so that any temperature 
from the ordinary boiling-point to the triple-point 
can be obtained. For this purpose the vacuum vessel 
containing the liquid is closed by some suitable cap to 
exclude air and to enable the pressure to be reduced. 
The vapour from the evaporating liquid passes either 
direct to a gas-holder (or the outer air) or through a 
needle-valve and a vacuum pump to the gas-holder. 
When the desired pressure has been reached it can be 
maintained constant by manipulating the needle -valve 
in accordance with the indications of a sensitive oil- 
manometer. With adequate stirring the temperature 
can be obtained with sufficient accuracy for many 
purposes from the reading of the manometer, using the 
known data for the vapour pressure -temperature curve. 

The most commonly employed liquefied gases * are 
contained in Table I together with their boiling-points 
and triple-points. In the absence of special facilities for 
the purpose any of these gases from methyl chloride to 
nitrogen can be liquefied when required with the aid of 
liquid air (see Table 1). 

It will be seen that the range of temperature from 
24° to ~ 218° can be completely covered. There 
are, however, gaps between oxygen and hydrogen 
(— 218° to — 253°) and between hydrogen and helium 
(-— 259° to — 269°) which cannot be completely bridged 
by any liquid or liquids. 

Fig. 8 illustrates the employment of this method to 

* Solid carbon dioxide, either dry or mixed with alcohol, 
ether or acetone, is often used as a refrigerating agent, giving a 
temperature of — 78*5° C. The constancy of the temperature 
of apparatus immersed in such a cooling agent is not, however, 
as good as with a liquefied gas. 
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Table 1. 


Substance. 

Boiling-point. 

Triple-point. 

Triple-point 

Pressure. 

Methy] chloride 

- 241° 

-103-6° 



Nitrous oxide 

- 89-8° 

-102-4° 

— 

Ethylene 

-103-7° 

-169-0° 

— 

Methane 

-161-4° 

-183*1° 

7 cm. 

Oxygen 

-182-9° 

-218-4° 

0-2 cm. 

Nitrogen 

-195-8° 

-209-9° 

9-6 cm. 

Hydrogen 

-252-76° 

-259-14° 

5*07 cm. 

Helium 

-268-83° 





Fig. 8. 


the determination of the dielectric con- 
stant of liquid helium (Keesom and 
Wolfke). The experimental condenser 
C is immersed in the bath of liquid 
helium contained in the inner^iost 
vacuum vessel. The liquid is stirred 
by the magnetically operated stirrer S 
and is surrounded by baths of liquid 
hydrogen and liquid air to reduce the 
heat entry as much as possible. The 
helium and hydrogen vessels are closed 
at the top as shown. 

The gap between 218"^ and — 253° 
has been bridged by KamerUngh Onnes 
and Crommehn ^ by means of a hydro- 
gen vapour cryostat shown diagram- 
matically in Fig. 9. Hydrogen from 
a cylinder passes through the coil C 
immersed in liquid hydrogen in the 
vacuum vessel I and is cooled to about 
20° K. It then passes through a 
vacuum- jacketed tube into the vacuum 
vessel II, where it encounters an elec- 
trical heater E. Its temperature is 
there raised to that at which the ex- 
perimental apparatus in II has to be 
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maintained. The rate of flow of the gas can be adjusted 
to the desired value and with automatic regulation of 
the heating current supplemented if required by hand 
regulation by an observer 
watching the galvanometer 
in the circuit of a resist- 
ance thermometer in II a 
constancy of 0*01° can be 
obtained. 

The gap - 259° to — 

269° could be similarly 
bridged by means of a 
helium vapour cryostat. 

It is also possible to reach 
9° K. with solid hydrogen. £ 

When the pressure above 
liquid hydrogen is reduced jtig, 9 . 

below 5 cm, the hydrogen 

solidifies and by further reducing the pressure the 
temperature of the solid can be reduced to as low as 
9° K. For certain purposes it is possible to employ solid 
hydrogen as the cooling agent. 

The Production of Temperatures Below I° K. 

Since the lowest pressure which can be readily main- 
tained over liquid helium with the aid of mechanical 
pumps is about 0*5 mm., the temperature to which 
this pressure corresponds, 1*2° K., is the lowest at which 
it is generally possible to carry out physical experi- 
ments in the various cryogenic laboratories. Tem- 
peratures lower than 1*2° K. have been obtained by the 
use of special apparatus and methods. 

In 1921 Kamerlingh Onnes ® attempted to reduce 
the pressure over liquid helium as far as possible in 
order to determine whether helium can be solidified in 
this way. A small vacuum vessel containing a few 
cm.^ of liquid helium was immersed in liquid helium 
boiling under low pressure and precautions were taken 
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to cut down the entry of heat into the inner vessel as 
much as possible. The pressure over the liquid helium 
was then lowered by means of a battery of 18 diffusion 
pumps backed by a mechanical pump. The lowest 
pressure recorded was 0*013 mm. and the temperature 
was estimated to be 0*82"^ K. At this temperature, 
however, the helium still remained a mobile liquid. 

Keesom ® in 1932 repeated this experiment with im- 
proved equipment. Two specially designed diffusion 
pumps gave a pumping speed of 675 litres per sec. 
compared with the 80 litres per sec. of Onnes’ pumping 
system. The lowest pressure, measured immediately 
above the surface of the liquid hehum, was 0*0036 mm. 
This corresponds to a temperature of 0*71° K. (see 
Chapter II). The helium was still liquid and gave no 
indication that a further lowering of the temperature 
by this method would lead to its solidification. An 
explanation of this behaviour was found when solid 
helium had been obtained by another method. 

It will be seen that there is very little prospect of 
further progress towards the Absolute Zero along these 
lines even with very elaborate and costly equipment. 

The same pumping system has, however, been used 
by Keesom to build a cryostat in which a space of 
about 300 cm.^ can be cooled to 0*9° K., thereby making 
it possible to carry out many different kinds of physical 
investigations down to this temperature. 

Recently, however, it has been shown that tem- 
peratures below 1° K. can be obtained by two other 
methods. The method suggested by Debye and by 
Giauque consists in magnetizing a paramagnetic solid 
substance at as low a temperature as possible, say 
1*3° K., conducting away the heat produced in the 
process, then thermally insulating the solid and finally 
switching off the magnet. The field and consequently 
the magnetization of the solid falls to zero or some low 
value and as no heat enters from outside this stage of 
the process takes place adiabatically. If dU is the 
change in the internal energy of the paramagnetic solid 
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when a quantity of heat rfQ is added to it and its mag- 
netization is changed by an amount da when a magnetic 
field H is applied, then we have 

dV = dQ + nda = Td(l> + ^da 
(cf) = entropy). 


Now since the magnetization is a function of H/T 
only and U of T only, it follows that the entropy 
can be considered to be made up of two parts, and 
which arc of a thermal and a magnetic nature respec- 
tively. 


^ (thermal), 

m 

^2 = ^ (magnetic). 


If wc write x — H/T and a — /(x), 

<l>2 = — S xf\‘^)dx. . . . ( 5 ) 


If now the magnetization is decreased adiabatically to 
zero, then since + <^2 must remain constant, <l>^ must 
decrease to compensate the increase in Thus adia- 
batic demagnetization wiU result in a fall in the tem- 
perature of the solid and to an extent which is calculable 
when f(x) and the specific heat of the paramagnetic 
substance is known. 

Taking the data of Kamerlingh Onnes and Woltjer 
on the magnetization of gadolinium sulphate down to 
1*3° K. (see Chapter VI) iSind extrapolating the s^cific 
heat of this substance by the Debye T® law (Chapter 
IV) from the lowest temperature at which it had then 
been measured (15*4°), Giauque and Clarke calculated 
the fall in temperature to be expected for various initial 
temperatures and field strengths. The results showed 
that temperatures in the neighbourhood of 0*2° K. 
should be readily obtained. It has, however, since been 
found that the specific heat of Gd 2 (S 04)3 . SHgO, instead 
of falling ofi as T^, shows a very pronounced maximum 
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at about 0-27‘^ It is thus not an ideal substance 

for the purpose in view, as the cooling obtained with a 
given magnetic field is much reduced by this anomaly 
in the specific heat. Giauque and MacDougall,!® using 
this substance and with a magnetic field of 8000 gauss, 
have, however, succeeded in reaching a temperature 
of 0-25° K. 

Almost simultaneously de Haas, Kramers and 
Wiersma announced that they had obtained a temper- 
ature of 0-27° K. by the adiabatic demagnetization of 
cerium fluoride. Cerium salts do not show an anomalous 
specific heat in the region in question and the last 
mentioned workers have succeeded in lowering the 
temperature of cerium ethylsulphate to 0*085° K. and 
more recently that of potassium chromium alum to 
0*05° K. The latter is the lowest tem'perature yet obtained. 

The temperatures in these experiments were deduced 
from the observed susceptibilities of the paramagnetic 
substance, using the formulae connecting susceptibility 
and temperature which have been established for higher 
temperatures. This, of course, involves an extrapola- 
tion, but there is no reason to doubt that the temper- 
atures reached were at least as low as stated. 
j A further method of obtaining temperatures below 
1° K. has recently been suggested by Simon.^® 
pixqiQsea-to Jbhe cooling produced , by. allow- 

the^perJformianCQ jof external woifc (as in the Claude 
j^ocess), using liquid helium as the working substance. 
As liquid helium has the greatest compressibility of 
any known liquid an appreciable cooling is to be expected 
for a quite moderate initial pressure. This latter has 
in any case to be less than about 25 atm., as helium 
solidifies under this pressure at any temperature below 
1*3° K. By making the method regenerative any arbi- 
trarily low temperature could theoretically be reached 
by this method. 

Meissner, who was working independently on the 
same idea, has, however, shown that it is necessary to 
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compress the liquid helium to cool it from any initial 
temperature below 2-19° K. The cooling e&ct for 
such a process is determined by the relation 






and is negative for temperatures below 2-19® K. 

(see Chapter III). It is difficult to predict what may 
be the lowest temperature obtainable in practice, but 
the method is likely to be limited by the fact that 

(^) change of volume with temperature at 

the saturation vapour pressure) and apparently also 


progressively numerically less as the 

temperature decreases. If the mechanical difficulties 
of tne process can be overcome, the method will enable 
temperatures well below K. to bo obtained with much 
less costly and elaborate equipment than is necessary 
with the adiabatic demagnetization method. 

The new methods will make a new temperature region 
available for investigation and results of great interest 
and importance may confidently be expected when 
physical measurements have been made in this domain. 
Thus the mechanical and magnetic properties of the 
nuclei of atoms will be of paramount importance at 
temperatures of the order of 0*01° K. 



CHAPTER II 

THE MEASUREMENT OF LOW TEMPERATURES 


The measurement of any low temperature in an experi- 
ment is almost invariably carried out with the aid of 
some suitable secondary thermometer. The deter- 
mination therefore involves two processes, the actual 
measurement of the low temperature and the calibration 
of the thermometer. For this calibration the temper- 
ature of certain “ fixed points must have previously 
been determined with the aid of a standard instrument, 
preferably on the thermodynamic scale. 

Standard measurements of low temperatures arc 
made almost exclusively with the constant volume 
gas thermometer, generally filled to a pressure of 
1000 mm. Hg. at 0° C. with hydrogen or helium. The 
temperature scale so obtained is known as the normal 
hydrogen (or helium) scale. 

The temperatures are deduced from the observed 
pressure of the gas in the thermometer from the relation 


~ Po 
PlOO Po 


X 100, 


or pt^ = Pq{1 + oLt) 


in which Po pressures at 100° and 

0° C., 

a = coefficient of increase of pressure with tem- 
perature, 

= centigrade temperature, 

T^ = absolute temperature. 

24 



THE MEASUKEMENT OF LOW TEMPERATURES 25 


The observed pressure must be corrected for the 
thermal expansion of the bulb of the thermometer, for 
the change in volume of the bulb with internal pressure, 
for the fact that the dead space ” (the volume en- 
closed between the fixed meniscus of the mercury in 
the manometer and the actual bulb of the thermometer) 
is not at the temperature to be measured and for the 
variation of the dead space with temperature. The 
normal hydrogen scale so obtained can be employed 
down to — 250° C. and the helium scale down to —270° C. 

For the measurement of ‘‘ helium temperatures,” 
say 4*2° K. to 0*9° K., with the gas thermometer the 
zero-point pressure must be chosen much smaller than 
1000 mm. and helium at pressures from 10 cm. to 0*2 
cm. is used. The pressures observed at helium temper- 
atures are then so small that the mercury manometer 
usually employed is replaced by a Pirani or hot wire 
manometer, in which the pressure is deduced from the 
resistance of a fine wire exposed to the gas. The main 
uncertainty in the measurement of these very low 
temperatures lies in the fact that a correction has to 
bo applied for the thermal molecular difference of 
pressure. When two bulbs, containing gas at such a 
low pressure that the mean free path of the molecules 
is comparable or large compared with the diameter of 
the connecting tube, are at different temperatures there 
is a difference in pressure between them known as the 
thermal molecular pressure. Since a complete theoret- 
ical treatment of this effect is not. yet available there is 
some uncertainty in the value of the correction to be 
applied in the thermometry of very low temperatures 
to allow for the fact that the bulb is at the low temper- 
ature and the hot wire manometer at 0° C. Different 
thermometers after the correction has been applied 
agree, however, to witbin about 0'ffl°. 

The readings of the gas thermometer can be corrected 
so as to give absolute or thermodynamic temperatures, 
provided the equation of state of the thermometric 
gas is sufficiently well known. Thus it can be shown 
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that a gas thermometer containing a ‘‘ perfect gas,” 
i.e. a gas obeying the law pv = would give readings 
directly on Kelvin’s thermodynamic scale of temper- 
ature. It is also known that any real gas approaches 
the perfect gas in its properties more closely the lower 
the pressure. If then the readings of any real gas 
thermometer are extrapolated to the limit of vanishingly 
small pressure, the scale so obtained will agree with 
the perfect gas scale. This extrapolation can be carried 
out as follows : — 

The equation of state of any real gas can be written 
in the form 

pv ^ K + Bp + Cp^ . • (1) 

or p?; — A + Bjv + C/v^ + . . . . . (2) 

in which A, B and C are functions of the temperature. 
In expression (1) if the unit of pressure is 1 metre of 
mercury, then B/A is of the order 10“^ and C/A 10”^ to 
IQ-®. 

Taking expression (1) and neglecting the terms 
involving C, we can write for the case of the constant 
volume thermometer at temperatures t, 100® and 0®, 

Po^o = Ao + 

I’loo^'o = Aio0 + Bioo?^ioo> 

PtVo = At + Btpt. 

The gas scale temperature is given by 

= 100 . = 100 ( . ~ ~ ^” 1 ” } 

Ploo Po aAjoo Aq -f- Bi0qPi0q BqPqJ 

and the corresponding temperature for the limit p -> 0 
is obviously 

<(Um) = 100 . 

^100 -^0 

since the gas in the limiting case p 0 follows the law 
pv = A. The difference between and ^(lim) is then 
the correction to be applied to to extrapolate to 

p ->0. 
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Subtracting the two expressions above, expanding 
by the Binomial Theorem and neglecting terms in 
(Bpo/A)2 we obtain 

<(Um) - 

^ ^100 ^0 Aq j 

Thus provided the values of A and B are known from 
determinations of the isotherms of the thermometric 
gas, we can calculate the corrections to be applied to 
the readings of any gas thermometer to convert them 
into thermodynamic temperatures. It will be seen 
that the correction itself contains ^(hm) as written 
above. In using the formula the uncorrected value 
is first inserted and a value of the correction obtained. 
This correction is then applied and the corrected value 
of t inserted in the formula, so deriving a second ap- 
proximation to the value of the correction. 

It has been found that the scales of all gas ther- 
mometers corrected in the above way agree with each 
other to within about the accuracy claimed for the 
measurements and with the thermodynamic scale ob- 
tained in other 
ways, for example, 
from observations 
on the Joule-Thom- 
son effect.* 

The magnitude 
of the corrections 
may be judged 
from the values 
given in Table 2 
for the constant 
volume Hg and He 
thermometers with a zero-point pressure of 1000 mm. 
Hg derived from the measurements of Holborn and 
Otto 1 and of Onnes and Cath.^ 

* For a description of the method of correcting the gas 
thermometer to the thermodynamic scale with the aid of the 
Joule-Thomson effect see, for example, Roberts, "Heat and 
Thermod 3 mamics,*’ p. 266. 


Table 2 


t rc.). 

Hg. 

He. 

0 

0*00 

+ 0-00 

- 60 

+ 0-006 

+ 0-003 

-100 

+ 0-015 

+ 0-008 

-150 

+ 0-027 

+ 0-014 

-200 

+ 0-069 

+ 0-020 

-250 

+ 0-135 

+ 0-037 
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The corrections to be applied in the temperature 
range 4-2° K. to 0-9° K., when the zero-point pressure 
is 10 cms. or less, are smaller than the errors of ob- 
servation and can be neglected. 

For the limiting case of infinitely small pressure the 
scales of the constant volume and constant pressure 
thermometers are the same and agree with that given 
by the expression 

when T = Ijy + t, 

1 ly is then the temperature of the ice point on the thermo- 
dynamic scale. The values most recently obtained for 
y (obtained by extrapolating a to the case p -> 0) are 
0-00366107 (Leiden 1934) and 0-0036608 (Berlin 1929). 
These lead respectively to 273-14° K. and 273-16° K. 
for the thermodynamic temperature of the ice -point, 
in good agreement with the value 273-15° K. deduced 
by Roebuck from very careful determinations of the 
Joule-Thomson effect in air. 

With the aid of the gas thermometer corrected as 
above the temperatures of the following thermometric 
fixed points have been determined for the purpose of 
calibrating secondary thermometers : melting-point of 
mercury (— 38-87° C.), the sublimation-point of solid 
carbon dioxide (— 78-51° C. at 1 atm. pressure), the 
boiling-point of oxygen (— 182-97° C. at 1 atm. pressure), 
the boiling-point of hydrogen (— 252-75° at 1 atm. 
pressure). 


Secondary Thermometers 
(a) Resistance thermometers. 

The platinum resistance thermometer can be em- 
ployed to measure temperatures down to about — 258° C., 
below which it becomes insensitive. Provided it is so 
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wound that the wire does not become strained on 
contracting as the temperature falls, the platinum 
thermometer retains its calibration sufficiently accurately 
even after repeated use at hydrogen temperatures. 

Temperatures down to — 193® C. can be deduced 
from the resistance of the platinum wire by using the 
formula of Henning and Heuse ^ : — 

R^(l + + bfi + qt^), 

. S WU 

in which Rg are the resistances at t and 0° C. re- 
spectively and a, b and c are constants. 

The values of the constants are determined by cali- 
bration at the ice-point (0® C.), the melting-point of 
mercury (— 38*87® C.), the sublimation-point of carbon 
dioxide (-—78*51® C.), and the boiling-point of oxygen 
(__ 182*97® C.). Generally the coefficient c can be taken 
to be — 5 X 10~^^ and one of the calibration points, 
preferably the melting-point of mercury, omitted. The 
readings of different thermometers of adequately pure 
platinum so calibrated agree within an accuracy of 
about ± 0*02®. 

For temperatures between — 193® and — 258® the 
platinum thermometer must be compared directly or 
indirectly with the gas thermometer at as many points 
as possible in the range required. No simple formula 
will accurately represent the variation of the resistance 
with temperature in this region. 

Resistance thermometers of gold and lead can also 
be used at hydrogen temperatures with advantage. 
Since the electrical resistance of pure metals (apart 
from the occurrence of superconductivity, see Chapter 
V) becomes practically independent of the temperature 
in the region of helium temperatures, they cannot be 
employed as resistance thermometers in this region. 
However, the resistance of various alloys, such as 
manganin, constantan and phosphor-bronze, which is 
nearly independent of the temperature at higher tem- 
peratures, varies appreciably below 5® K. Thus it 
has been shown by Keesom and v. d. Ende ^ that an 
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iinaiinealed wire of phosphor-bronze exhibits a relatively 
large and practically linear variation of resistance with 
temperature from 5° K. to 1° K. and gives reproducible 
results. It is therefore very suitable for use as a sec- 
ondary thermometer for helium temperatures, 

(6) Thermocouples, 

Various thermocouples can be used for the measure- 
ment of low temperatures. Thus the copper-constantan 
couple can be employed down to — 258° C. Nernst 
has published the following formula for the electro- 
motive force of this couple for the range 100° K. to 15° K. : 

e -= 31-32 log (1 + T/90) + 1-0 x lO’T^ microvolts. 

In the region of hydrogen temperatures the gold- 
silver couple, which gives practically no e.m.f. at room 
temperature, is more sensitive than the copper-con- 
stantan couple (Onnes and Clay). It has also been 
suggested by Keesom and Borelius ^ that a couple of 
1 at. per cent, of Co in Au. against 1 at. per cent, 
of Au. in Ag should be used for the measurement of 
very low temperatures. This couple gives the following 
approximate values of the thermoelectric power (micro- 
volts per deg.) at 0° 37, at — 180° 34, at — 220° 28, 
at — 250° 17 and at — 255° 14. It should still give 
appreciable e.m.f. ’s at helium temperatures and is likely 
to be generally suitable for the measurement of very 
low temperatures, particularly as such dilute alloys are 
likely to retain their calibration during use. 

(c) Vapour pressure thermometers. 

The determination of the vapour pressure of a suitable 
liquid in equilibrium with its vapour provides a sensitive 
and convenient method for the measurement of low 
temperatures (Stock and Nielson, 1906). The substance, 
which must be gaseous at room temperature and 
liquid in the temperature region to be measured, is 
contained in a small bulb connected to a manometer. 
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The bulb is placed in the apparatus where the tempera- 
ture is to be determined and the pressure shown 
the manometer is the saturated vapour pressure corre/ 
spending to the temperature of the coldest part 
thermometer. 

A formula connecting the vapour pressure and the 
temperature can be obtained by integrating the Clausius- 

Clapeyron equation, ^ 3---^ {p = vapour pres 

sure, L = latent heat of vaporization, specific 

volumes of vapour and liquid respectively), using 
certain simpfifying assumptions. The integration leads 
to a formula of the type below or to a somewhat more 
complicated expression : — 

log = “ a/T + 6 log T — cT + A:, 

in which a, 6, c and Tc are constants. 

T^ble 3 below gives the values of the constants of some 
of the substances suitable for the determination of low 
temperatures. Following Nernst 6 is taken as 1*75 
and the unit of pressure is 1 metre of mercury. 


Table 3. 


Substance. 

Bange ®C. 

a. 

C X 10». 

k. 

CSa . 

+ 12 to - 25 

1682-38 

5-2980 

5-44706 

NH3 . 

- 35 to - 80 

1393-60 

5-7034 

5-89437 

HCl . 

- 87 to -118 

905-53 

5-0077 

4-65491 

C2H4 

-110 to -141 

834-13 

8-3753 

5-32089 

CH4 . 

-162 to -170 

472-47 

9-6351 

4-59825 

O3 . 

-183 to -205 

379-95 

9-6219 

4-53939 


The sensitivity of the vapour pressure thermometer 
is much greater than that of the gas thermometer ; thus 
the vapour pressure of oxygen near its normal boiling- 
point changes by about 80 mm. Hg per deg., while with 
a constant volume gas thermometer with a zero-point 
pressure of 1000 mm. Hg the corresponding change is 
less than 4 mm. Hg per deg. in this temperature region. 
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Provided the bath of liquefied gas is adequately 
stirred it is frequently sufficient to determine the vapour 
pressure by means of a manometer attached to the 
exit tube of the apparatus in order to determine the 
temperature with an accuracy of 0*1^ or somewhat 
better. 

Temperatures obtainable with a bath of liquid hydro- 
gen can be deduced from the formula : — 

t = - 260-865 + 1-0619 log^oP + 1*7233 (logioP)^ 

(p in cm. Hg.). 

The temperatures of liquid helium baths are almost 
always obtained from the pressure under which the liquid 
is boiling and it is the general practice to give both the 
vapour pressure and the estimated temperature in 
tables of data. Earlier results can then be corrected 
later as the vapour pressure-temperature relation be- 
comes better known. This latter has been the subject 
of much experimental work. The latest results of 
Keesom, Weber, N0rgaard and Schmidt,® which can 
probably be regarded as definitive to within the accuracy 
claimed (about 0-0 P), show that the vapour pressure 
of liquid helium requires two formulse to represent it 
as a function of the temperature, one for temperatures 
above 2-19° K. and one for temperatures below this. 
(2-19° K. is the temperature at which liquid He I changes 
into liquid He II under a pressure equal to the saturation 
vapour pressure as described in Chapter III.) 

The formulse are : 


T > 2-19° K., 
logio P (cm.) = 
T < 219° K., 
logic P (cm.) =:= 


3-024 




+ 2-208 logj, T + 1-217, 
0-932 logio T + 2-035, 


( 1 ) 

(2) 


The value 0-71° K., forAa lowest temperature reached 
by the evaporation of^^Bid helium, is derived from 
formula (2) above. 
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{d) Special cases. 


As mentioned in Chapter I the temperatures below 
1° K. produced by the method of adiabatic demagnetiza- 
tion were estimated from a knowledge pf the function 


higher temperatures. It is likely that 


this method will be extensively developed in the near 
future and will become the standard method for the 
determination of temperatures below 1° K., particularly 
as the magnetization, a, increases as the temperature 
decreases and so can be measured with at least the 
same accuracy at the very lowest temperatures as at 
rather higher ones. 



CHAPTER III 


LIQUID AND SOLID HELIUM 

The determination of the physical properties of liquid 
and solid helium is an example of an investigation at 
lowest temperatures of particular interest, firstly be- 
cause of the novelty of the phenomena observed and 
secondly because of the opportunity it afiords of testing 
the predictions nf the Nerhst Heat Theorem. 

Helium, the last of the so-called permanent gases to 
be liquefied, was first obtained in the liquid form by 
Kamerlingh Onnes in 1908. He found it to be a colour- 
less, mobile, very volatile liquid which boils at 4*22° K. 
under a pressure of 1 atm. As already mentioned in 
Chapter I, Kamerhngh Onnes showed that helium 
remains a perfectly mobile liquid even when the pressure 
above the liquid surface is reduced to 0*013 mm. Hg and 
consequently the temperature is 0*82° K. This result 
indicated that there was very little prospect of obtaining 
solid helium by further lowering the vapour pressure 
of the liquid and that probably helium is noteworthy 
in not possessing a triple-point at which vapour, liquid 
aftd solid are in equilibrium. This conclusion was later 
confirmed when solid helium was obtained by Keesom. 

An account will now be given of the results of the 
determinations of various physical properties of liquid 
helium, and the conclusions which can be drawn from 
them as to the nature of the substance will then be 
discussed. 

Density 

The first indication, apart from the point just men- 
tioned, that liquid helium possesses noteworthy and 

34 
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unusual physical properties, was obtained by Kamer- 
lingh Onnes, who found that the density of the liquid 
passes through a maximum at about 2*2° K. More 
accurate determinations by Kamerlingh Onnes and 
Boks ^ later confirmed this observation. Their results 
are shown graphically in curve 1 of Fig. 10.* It will 
be seen that the density rises by about 20 per cent, as 
the temperature falls from 4-2'^ K. to 2*19° K., reaching 





A A5K 


Ejg. 10. 


a maximum of 0*1462 at 2*19'^ K. and at this tem- 
perature there is a sudden (probably discontinuous) 
change in the slope of the curve. The density then 
decreases as the temperature falls further and finally 
tends to become constant below 1*5° K. 

* The value 2*3° K. given by Kamerlingh Onnes and Boks 
for the temperature at which the maximum occurs is based on 
an earlier determination of and an earUer formula for the vapour 
pressure-temperature curve of liquid helium. The form of the 
curve is that given by Wolfke and Keesom in the light of later 
results. 
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Dielectric Constant 


The dielectric constant of liquid helium, according 
to the measurements of Wolfke and Keesom ^ given 
in curve 2 of Fig. 10, shows a strikingly similar be- 
haviour. A calculation of the electrical polarization, 


using the formula, P 


K- 1 1 


shows, however, that 


K + 2 

this quantity does not change appreciably on passing 
through the temperature of the discontinuity, the values 
in the immediate neighbourhood of 2-19^^ K. being 
2*24° K., P = 0 1242 ; 2-19°, 0 1245 ; 2•14^ 0-1242. 


Surface Tension 

Van Urk, Keesom and Kamerlingh Onnes ^ deter- 
mined the surface tension of liquid helium from 4*2° K. 
to 1-5° K. by the capillary tube method. Their results 
show that the surface tension rises linearly with fall in 
temperature down to 2*19°, possibly changes suddenly 
by a small amount at that temperature and finally 
tends to a constant value below about 1*5° K. 


Specific Heat 

Preliminary determinations of the specific heat of 
liquid helium between 4-0° K. and 2-6® K. were made 
by Dana and Kamerlingh Onnes. Measurements of 
greater accuracy were made later by Keesom and 
Clusius ^ between 4-1° K. and 1*4° K., using the Nernst- 
Eucken method. In view of the very interesting 
results obtained the determinations were repeated and 
supplemented by Keesom and Miss Keesom.® The 
results obtained in the two series of experiments are 
shown graphically in Fig. 11. 

(the specific heat under the saturation vapour 
pressure at the temperature in question) increases with 
increasing temperature from 0-14 cals./deg.'^. 1/32® 
a Y‘ery pronounced: maximum of at least S-0 at 
2*19° K. It then falls suddenly, probably withffil]RJ02®, 
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to about 1*1, continues to fall more slowly to about 
0*54 at 2*6° K. and finally rises again to 1*0 at 4*1° K. 
It was established that Fig. II does really represent 
the variation of with temperature and that there is 
not a sudden evolution of heat at 2*19° K. 



Latent Heat of Vaporization 


Making"^ use of the well-known 
formulae, 





thermodynamical 


dp _ L 
3T “■ f (t?' - v") 

(L = latent heat of vaporization, p ~ vapour pressure, 
Os', Cg" specific heat at saturation of vapour and of liquid 
respectively, v\ v" specific volume of vapour and of 
liquid respectively), and combining them with the in- 
formation available as to the quantities in the equation 
of state pv ~ RT + B, one can calculate the latent heat 
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of vaporization of liquid helium from the data for 
mentioned above. The values so calculated by Keesom 
are represented by the curve in Fig. 12. The experi- 
mental points shown are the data obtained by Dana and 
Kamerlingh Onnes.® The agreement is satisfactory ; in 
particular the anomaly found by these experimenters at 
about 2*19® K. is clearly indicated on the curve. Above 
3° K. the experimental results show that the latent heat 
decreases with rise in temperature and falls to zero at the 
critical temperature, 5-2'^ K. 

The extreme volatility of liquid helium and the con- 



10 ►T 20 25 30 

Fia. 12. 

sequent necessity for special precautions against heat 
entry if the liquid is to be preserved for any length of time 
are clearly brought out by the very small value of L, 
about 5-5 cal./gm. between 1*5® K. and 3*0° K. (Com- 
pare the values 110 cal. /gm. for hydrogen at 20° K. and 
536 cal./gm. for water at 373° K). 

Vapour Pressure 

In view of the great interest attached to the accurate 
determination and interpretation of the anomalous pro- 
perties of liquid helium it is of considerable importance 
to establish the temperature scale in this region as ac- 
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curately as possible. The variation with temperature of 
the properties of liquid helium just described make it 
improbable that a single formula can accurately represent 
the vapour pressure of this substance both above and 
below 2*19® K., the temperature at which the various 
anomalies occur. Keesom, Weber, N^rgaard and 
Schmidt ^ therefore redetermined the vapour pressure - 
temperature rela.- 
tion with great care 
from 4*22° K. down 
to 0-84° K. As men- 
tioned in Chapter 
II they found that 
their results could 
best be represented 
by two separate 
formulae, one for 
temperatures above 
2*19° K. and one 
for temperatures 
below this, with a 
small discontinuity 
in the vapour pres- 
sure at 2*19° K. It 
was on the basis 
of these measure- 
ments that the 
temperature of the 
maximum density 
was fixed at 2 • 1 9° K . 
in place of the value 2*3° K. based on the older formula. 

The significance of the results obtained in the deter- 
mination of the various physical properties of liquid 
helium described above wiU be discussed later, after the 
description of the properties of solid helium. 

Solid Helium 

As all the attempts to solidify helium by reducing the 
pressure under which liquid helium was boiling had 
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failed, Keesom ® in 1926 investigated the combined effect 
of high pressure and low temperature on the liquid. His 
apparatus is shown diagrammatically in Fig. 13. With 
the stop-cocks Kg and K 4 shut and with stop-cock K^ 
open, gaseous helium was compressed into the narrow 
nickel-silver tube and the brass capillary Bg. The 



latter was immersed in liquid helium boding at some 
known pressure. The helium liquefied and collected in 
Bg. To determine whether the helium solidified on 
further increasing the pressure, K 4 and Kj were shut and 
Kg opened. If now the helium had solidified the capillary 
Bg wopld be blocked and on releasing the pressure by 
opening Kg a difference of pressure would be registered 
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by the differential manometer D. In this way it was 
found that at about 4*0° K. the capillary was blocked 
when the pressure, as read on the gauge was 150 
kg. /cm. 2 and was open when the pressure was 100 kg. /cm. 2 . 
Raising the pressure to 128 kg./cm.^ caused the capillary 
to block again, on lowering the pressure to 126 kg./cm.^ 
the blocking disappeared. It thus appeared that at 
4-0° K. helium soHdifies under a pressure of 127 kg. /cm. 
Proceeding in this way it was possible to determine the 
pressure at which the helium solidified at various tempera- 
tures and so trace out the melting-curve of the substance. 
The results obtained are 
given in Table 4 and Fig. 

14. ^ it will be seen that 
while the curve is nearly 
linear at the higher tem- 
peratures, it bends more 
and niore at lower tempera- 
tures and tends to become 
parallel to the temperature 
axis. Simon, ^ using the 
same general method, has 
extended the observations 
to 5600 atm. At this 
pressure helium melts ” 
at 42° K., a temperature 
very much higher than the 
liquid-gas critical tempera- 
ture (5*2° K.).* Simon’s observations also made it 
certain that helium solidifies to a definite crystalline 
substance and not to a super-cooled liquid or glass. 

After having shown that the pressures required to 
solidify helium below about 2° K. are not excessively high, 
Keesom repeated the observations with a thick-walled 
glass bulb F in order to render the solid helium visible. 
The bulb was provided with a stirrer in the shape of a 

* Above 5*2° K. the solid of course passes directly into the 
gaseous state when the pressure falls below the “melting” 
pressure. 


Table 4. 


Melting Curve of Helium. 


T. 

P. 

4-23° K. 

140-5 atm. 

3*60 „ 

108-8 „ 

3-09 „ 

81-5 „ 

2-63 „ 

62-8 „ 

2-30 „ 

48-6 „ 

1-93 „ 

35-7 „ 

1*74 „ 

29-8 „ 

1-58 „ 

27-4 „ 

J-40 „• 

26-5 

115 „ 

25-3 „ 
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small piece of soft iron H which could be moved up and 
down by means of a magnetized iron ring immersed in 
the liquid helium bath. Helium was liquefied into the 
bulb and the temperature set at 1*9° K. Then with the 
stirrer moving continuously up and down the pressure 
was gradually increased. At the pressure to be expected 
from the previous results, the stirrer was seen to stick. 
No line of demarcation between the liquid and solid was, 
however, visible. Helium thus solidifies to a homo- 
geneous transparent mass, the refractive index and 
density of which are very nearly the same as those of the 
liquid at the same pressure.* 

The Nature of Liquid Helium I and Liquid 
Helium IT 

The results of the determinations of the density and 
dielectric constant of hquid helium lead Keesom and 
Wolfke to suggest that at 2T9° K. this substance changes 
from one phase to another also liquid phase, stable 
below this temperature. The two phases were referred 
to as liquid He I and liquid He II and the transition 
temperature as the A-point. 

By taking cooling-curves with liquid helium subjected 
to various external pressures in the 
calorimeter used to determine the 
specific heat, Keesom and Clusius 
found that the A-point varies with 
the pressure as given in Table 5. 
These points are plotted in curve 2, 
Fig. 14 (the A-curve), and it will be 
seen that they lie on a straight line 
which, when extrapolated, cuts the 
melting-curve at 30*0 atm. and 
1*75° K. This point is thus a. 
triple-point in the P.T. diagram, 
and the curves meeting in it separate regions in which 

* Kaischew and Simon have recently measured the density 
of solid helium and give d — 0*23 at 4*0° K. and 0-22 at 3*6° K. 


Table 5 


P (atm.). 

T. 

0051 

2-19 

6-39 

2-11 

1M3 

2-05 

16-09 

1-97 

23*60 

1-86 
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solid He, liquid He I and liquid He II exist. Keesom 
and Miss Keesom have further shown that the 
phenomenon of the maximum density of liquid helium 
persists all along the A-curve, becoming more and more 
pronounced as the ‘‘ triple ’’-point is approached. Their 
observations also indicate that the coefficient of ex- 
pansion and the compressibility of liquid He II are 
both negative throughout the range of existence of this 
phase. This remarkable result has a very direct bearing 
on the proposal for obtaining very low temperatures with 
liquid helium by the “ method of external work ” as 
mentioned in Chapter I. Isentropic and isenthalphic 
expai^ons of liquid He II both result in a rise in tem- 
perature. 

We can now discuss the nature of liquid He II in the 
light of its physical properties ascertained up to now. 
The fact that the curves of density and latent heat of 
vaporization show no discontinuity at the A-point (only 
the slope of the curve changes discontinuously) indicates 
that there is no change of volume or of entropy in the 
transition from liquid He I to liquid He II. This indicates 
that the two forms of liquid helium are not two “ phases ” 
in the sense in which this word is used in that branch of 
thermodynamics which is known as the Phase^ Theory 
and which studies the effect of various physical conditions 
(temperature, pressure, etc.) on the equilibrium between 
the possible forms of the substances present in a physico- 
chemical system. In the transformation of one such 

0 ° c. 

phase into another (for example ice ^ water or 
32-4° c. 

Na 2 S 04 ^ Na 2 S 04 . lOHgO) there is always a change in 
volume and a heat of transformation (change in entropy). 
Ehrenfest therefore proposes to call the kind of trans- 
formation exhibited by liquid helium a “ phase trans- 
formation of the second order ” and he shows that the 
transition from the ferromagnetic to the paramagnetic 
state at the Curie Point and from ordinary conductivity 
to superconductivity (see Chapter V) are further examples 
of such transitions. 
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Exactly what happens in the transformation of liquid 
He T into “liquid He II is as yet quite obscure. Liquid 
He I appears to be a normal liquid, which is at least 
predominantly, if not exclusively, monatomic. That the 
change at the A-point is not merely one of association of 
atoms to form molecules is shown by the fact that liquid 
He II gives no Raman effect. McLennan’s observations 
indicate that the temporary formation of loosely bound 
molecules with a very large internuclear distance may 
occur but nothing more definite. Further, the electric 
polarization deduced from the measurements of the di- 
electric constant does not change appreciably on passing 
the A-point. There is therefore no important change in 
the atomic structure. 

The shape of the melting-curve of solid helium below 
1*75® K. furnishes very important and definite informa- 
tion bearing on the nature of liquid He II. The slope 
dpjdT of the curve is rapidly approaching zero in this 
region and at, for example, 0*71° K., the lowest tempera- 
ture so far reached with liquid helium, the slope is very 
small. Since now, according to the Clausius- Clapeyron 
equation 

dp L — <t>2 

dT “ T(?;i — V 2 ) — V 2 

^2 entropies, spec. vols. of liquid and solid 

respectively), and since is small though finite, 

the difference in entropy of solid He and liquid He II 
at this temperature must be very small indeed. Entropy 
is, however, statistically interpreted as giving the ordered- 
ness of a substance. The above result therefore means 
that liquid He II has practically the same degree of 
orderedness at 0*71° K. as solid helium although the 
former is a mobile liquid and the latter a definitely 
crystalline solid. This problem of the quasi-crystalline 
nature of liquid He II is as yet unsolved. 

The specific heat curve (Fig. 11) furnishes further 
information but without any accepted explanation. By 
extrapolating the two branches of the curve to absolute 
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zero and determining the area enclosed between them, 
one can calculate the difference in the energy which 
liquid He II possesses and that which liquid He I would 
possess if it could exist at the Absolute Zero. Assuming 
a molecular weight of 4 for liquid He II, this energy 
difference is found to be about 2*3 cal./gm. mol. This 
low value is in agreement with other results in showing 
that no large change in atomic structure has taken place. 

The mechanism underlying the anomaly in the specific 
heat is not yet understood, but a precisely similar anomaly 
has been\observed in two other cases, the specific heat 
of a ferromagnetic substance in the neighbourhood of the 
Curie Point and the specific heat of certain solids con- 
taining polyatomic molecules (ammonium chloride, 
methane, etc.). It may therefore be that the atoms in 
liquid He II are able to take up energy in some form as 
yet unknown and which varies with the temperature in 
the s^me way as the spontaneous magnetization of a 
ferromagnetic substance. On the other hand, it is just 
possible that, as liquid He II is quasi- crystalline and as 
there may be at least some loosely bound molecules 
present, the anomaly is of the same kind as that of the 
polyatomic solids. Pauling has shown that such an 
anomaly is to be expected theoretically if the molecules 
or parts of them pass suddenly at a certain tempera- 
ture from a state of angular oscillation to one of rotation 
in the crystal lattice. Experimental evidence of the 
reality of these molecular rotations in the solids show- 
ing the anomalous specific heat curves has since been 
obtained. ^ ^ 

Helium and the Nebnst Heat Theorem 

According to the Nernst Heat Theorem dFjdUy where F 
is the change of the free energy,* approaches zero as T 
approaches zero for changes taking place in condensed 
systems, r.e. liquids and crystalline solids. This theorem 

* See Porter, “ Thermodynamics,” p. 41. 
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implies that the derivatives with respect to the tempera- 
ture of certain physical quantities must also approach 
zero as T approaches zero and that any changes taking 
place between condensed systems at Absolute Zero do so 
without change in entropy. 

The physical properties of liquid and solid helium so far 
determined furnish very direct evidence of the correctness 
of the Nernst Heat Theorem. Thus the density and the 
surface tension of liquid helium both tend to become 
independent of the temperature below about 1*5° K. so 

that ^ 0 and -> 0 as T -> 0 in accordance with 

cZT aT 

the theorem. 

Further, we have seen that the melting-curve of solid 
helium also tends to become parallel to the temperature 

axis as T -> 0, i.e, ^ 0 as T 0. Since now ~ ^ 

’ dT dT Av 

(A<^ = change in entropy, Av = change in volume on 
melting), and since IS/v is finite at T == 0, we have in 
agreement with the Nemst Heat Theorem A^S -> 0 as 
T 0. The transformation of solid helium into liquid 
helium will take place at the Absolute Zero without change 
in entropy. 



CHAPTER IV 


SPECIFIC HEATS 


The specific heats of gases and solids will now be dis- 


cussed as an example of calorimetry at 
low temperatures. 

Gases 

Two general methods have been em- 
ployed for the determination of the 
specific heats of gases down to very 
low femperatures, the continuous flow 
method and the Nernst-Euckcn method, 
using compressed gas. 

In determining the specific heat of 
gases by the continuous flow method, 
Scheel and Heuse ^ made use of the 
apparatus shown in Fig. 15. Gas at 
the temperature at which the specific 
heat is to be determined enters the 
glass calorimeter at the bottom, flows 
through the spiral, then through the two 
jackets C and B and finally through the 
tube A containing the heating coil. The 
temperature of the gas before and after 
the heating are determined with the 
platinum thermometers and Pg re- 
spectively. The whole is surrounded by 
a silvered evacuated jacket to reduce 
heat loss and is contained in a bath of 
constant temperature (water, solid COg 



Fio. ]5. 


and alcohol or liquid oxygen). The jackets B and C 
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also serve to reduce the heat loss from the gas. The 
experiments were carried out at room temperature, 
-76^ C. and -isr. 

If the quantity of gas flowing through the calorimeter 
per second is Q, the heat input per second H and the 
rise in temperature A^, then 


C 


p 


K-h 

Q.Ar 


( 1 ) 


h — heat input required to balance loss through walls. 
Some of the results obtained are given in Table 6. 
is the specific heat at constant pressure corrected for the 


Table 6 


Substance. 

T. 

^Pc. 

^'^0. 

Ho 

+ 18 

4-993 

3-008 


-180 

4-934 

2-949 

Ha 

+ 16 

6-860 

4-875 


- 76 

6-364 

! 4-379 


~181 

5-320 

3-335 

Na 

+ 20 

6-969 

4-984 


-181 

6-718 

4-733 


deviations from the perfect gas law. was obtained 
from the (corrected) observed using well-known 
thermodynamical formulae. It will be seen that while 
the specific heat of the monatomic gas helium remains 
fairly constant, that of the diatomic gases falls consider- 
ably with decrease in temperature. 

The application of the vacuum calorimeter to the 
determination of the specific heats of gases at low tem- 
peratures may be illustrated by the work of Eucken and 
Hiller ^ on hydrogen. The small steel bulb A (Fig. 16) 
is filled with gas at 150 atmospheres through the fine 
capillary K. On the outside of A is wound a constantan 
heating coil and a platinum resistance thermometer. 
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The metal cylinder B surrounding A serves to minimize 
heat loss and is maintained at the same 
temperature as A by a current in a heat- 
ing coil wound on B, the equality of 
the temperatures being indicated by a 
copper 8-constantan thermocouple whose 
junctions are attached to A and B re- 
spectively. The whole is enclosed in a 
glass vessel D which can be evacuated. 

I) is evacuated and the current in the 
heating coil switched on for a known 
length of time. 

The general trend of the variation of 
the specific heats of diatomic molecules 
will be illustrated by the case of hydro- 
gen which is of particular interest. The 
earlier results of Eucken (1912) are given 
in Table 7 and are plotted along with 
those* of Eucken and Hiller and others 
(for Cb, see later) in Fig. 17. It will be 
seen from Table 7 that the specific heat 
of hydrogen falls off rapidly with de- 
crease in temperature and becomes 
nearly constant and equal to 2*98 below 60° K. 

The classical theory indicates that a gas possesses an 

energy JRT per degree of 
freedom per gm. mol. The 
contribution to the specific 
heat of the translational 
energy is therefore 3/2 R 
= 2*98 and the specific 
heat at constant volume 
of monatomic gases should 
have this value. The re- 
sults of Scheel and Heuse 
show that this is approxi- 
mately the case with He 
and Ar. Below 60° K. 
hydrogen thus behaves as a monatomic gas in that 


Table 7 


T. 


196 r,‘’ K. 

4*39 

100 

3-42 

80 

314 

60 

2-99 

45 

3-00 

35 

2-98 





60 LOW TEMPERATURE PHYSICS 

only the translational energy contributes to C^. In 
general, however, a diatomic molecule will also possess 
rotational energy and classically the contribution of the 
rotation to the specific heat, Cr, will be 2/2 R and there- 
fore independent of the temperature. According to the 
quantum theory the rotational energy of a diatomic 

molecule is Er = in which I is the moment of 

inertia and the quantum number n may have the values 
0, 1, 2, 3, etc. At very low temperatures only the lowest 
rotational state (n = 0 or 1 according to the type of 
molecule) will be occupied and the higher states will only 

30 


2 0 


7 0 
Cr 

t 

^50 100 150 200 250'*K 

Fig. 17. 

begin to be occupied as the temperature rises. Cr will 
therefore vary with temperature. It can be shown that 
Cr for a diatomic molecule is given by 

CR = a*.R.^,(logQ), . . (2) 

in which o* — : vr i r n and Q is a function of a. 

By subtracting 2*98 from the observed values of C^ 
one can obtain Cr from Eucken’s results.* When the 



* Eucken’s observ^^ations show that falls below 2*98 at 
about 20° K. This result, which is known as the degeneration 
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experimental values were compared with expression (2) 
no satisfactory agreement could be obtained with any 
value of T. Later, however, the wave mechanics indicated 
that hydrogen can exist in two forms, ortho- and para- 
hydrogen, which differ in the magnetic moments of the 
nuclei of the two hydrogen atoms, being parallel in ortho- 
hydrogen and antiparallel in para-hydrogen. Further- 
more, theory showed that at room temperature ordinary 
hydrogen consists of a mixture of ortho- and para- 
hydrogen in the ratio 3 : 1 and that the transformation 
of the one form into the other is very slow at these tem- 
peratures. Dennison was then able to show that 
Eucken’s results for Cr could be explained satisfactorily 
by supposing that no transformation of ortho- into para- 
hydrogen took place during the time required to make the 
observations and that therefore the two forms could be 
taken as independent. The specific heat of ordinary 
hydrogen then becomes 

. . (3) 

in which p = and 

= a® . R . ^2 (log . . (4) 

with Q(j,) = 1 + + 9 e- 2 o<r 

corresponding to n ~ 0, 2, 4, etc., and 

Ck(„) = a* . R . ^2 (log . . (5) 

with Q(<,) = 3e-2<^ + + lie-®®-" + . . . 

corresponding to n = 1, 3, 5, etc. 

Curves I, II and III of Fig. 17 represent expressions 
(4), (5) and (3) respectively, taking I to be 4-64 X 10“^^, 
a value in good agreement with that deduced by Hori 
from spectra (4*67 X 10“^^). It will be seen that the 

of gases, can be explained by applying the quantum theory to 
the translational energy of the molecules. Helium shows a 
similar result. 
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experimental values for Cr in the case of ordinaiy hydi’o- 
gen agree well with curve III. 

It has also been found possible by keeping hydrogen 
for a considerable time at a low temperature with or 
without a catalyst to increase the para-hydrogen content 
and even to obtain pure para-hydrogen. Curves IV 
and V represent the theoretical course of Cr for mixtures 

of higher para- 
hydrogen content, 
the experimental 
points being Eucken 
and Hiller’s obser- 
vations on these 
mixtures. It will be 
seen that the theory 
can reproduce the 
experimental results 
in a very satisfac- 
tory way. 

The rotational 
specific heat of 
other diatomic gases 
which consist of 
only one molecular 
species can be 
theoretically ac- 
counted for by 
formula (2) with 
the appropriate 
value of I. 

At low tempera- 
tures the vibrations 
of the atoms in the molecule are not excited and hence 
the contribution of the vibrational energy to the specific 
heat of gases will not be considered here. 

Solids 

The specific heats of solids at very low temperatures 
have been determined almost exclusively by means of the 
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vacuum calorimeter developed by Nernst, Eucken and 
their collaborators. The calorimeter is differently con- 
structed according to the nature of the substance to be 
investigated. Fig. 18 shows its most recent form for the 
determination of the specific heat of metals at helium 
temperatures (Keesom).^ A block of the metal has a 
tapped recess into which is screwed the “ core ” shown in 
detail on the left. The core contains a phosphor-bronze 
and a constantan resistance thermometer T and a con- 


stantan heating 
coil H. The leads 
to the heating 
coil and thermo- 1 1 

meters are taken ||| || 

through the small ‘ ^ ^ ^ 

glass crosses as j ! * |i 

shown. The I I [ j 

wholQ calorimeter | i i ^ 

is enclosed in a | * I I 

metal vessel M | * i I 

which can be j ! [ I 

evacuated and I I fi n ! 

which is im- j j I • 

mersed in liquid I I I * 

helium in the j j j [ 

Dewar vessel I i i I 

shown. For de- * I 

termining the i— JL ”1 J* 

specific heats of Fig. 19. 

powdered solids 

or solidified gases the calorimeter is made of thin sheet 
silver or copper (Fig. 19), the heating coil and thermom- 
eter being inserted into the vessel as shown in I or 
wound on the outside, II. When dealing with powders 
the vessel is sealed off with a small pressure of hehum 
inside to increase the heat conductivity and promote 
uniformity of temperature throughout the powder. 

In order to determine the specific heat the calorimeter 
is allowed to cool to the lowest temperature required, the 



54 


LOW TEMPERATURE PHYSICS 


space surrounding the calorimeter is then evacuated and 
a known current is passed through the heating coil for 
a known length of time. The temperature of the calori- 
meter is measured at definite intervals before, during and 
after the heating period and a temperature-time curve 
such as Fig. 20 is obtained. The true rise in temperature 
to be used in calculating the specific heat can be obtained 
in various ways, the simplest but not the most accurate 
being to draw the ordinate through C so that the areas 
ADC and BEC are equal. AB is then the true rise in 
temperature. The heating current may then be switched 
on again and an observation made at a higher tempera- 
ture until the required range has been covered. 

The experimental results show that the specific heats 



of solids, apart from* special cases discussed later, vary 
with the temperature in the general way shown in Fig. 
21, falling from a value of approximately 6 cal. per deg. 
per gm. atom (for the elements) at high temperatures to 
very small values at helium temperatures (0*000254 cal. 
per gm. atom for Ag at 1*35° K. for example), to become 
zero at the Absolute Zero. 

According to the classical mechanics the atomic heat 
(specific heat x atomic weight) of a monatomic solid 
element should be independent of the temperature and 
equal to 3R or approximately 6 cal. per deg. The 
explanation of the observed fall in the specific heat of 
solids at low temperatures was one of the early successes 
of the quantum theory. By assuming that all the atoms 
in the solid are vibrating with a frequency v (due to their 
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of freedom of the atom an energy E ~ ^ i 

as required by the quantum theory in place of 
potential energy + kinetic energy) , Einstein obtained 

the following formula for C^, 

= . . . ( 6 ) 

6 =^hvlk, R NAj, N ™ number of atoms in gm. atom. 



This expression gives a good qualitative representation 
of the variation of the specific heat of solids * with the 
temperature. By discarding the too simple assumption 



that all the atoms vibrate with the same frequency v, 
Debye was able to deduce a formula which gives a gener- 
ally very satisfactory representation of the experimental 
results down to low temperatures : — 


= KrJl. 


in which 


hv n 
X - 01 


* The experimentally determined quantity is C^. C„ cai^^ 
obtained from Cj, by means of various theoretical or en^mi^ 
formulae, such as C^ — C„ — T(x,^y^lxpv* which a 
of cubic expansion, x “ compressibility, V — atomio^oluirti^ ^ 
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All atomic frequencies from 0 up to a maximum value 
are now taken to be possible and the energy of the solid 

becomes E “ I — \)'\n{v)dv, in which n{v) is 

J 0 

the number of frequencies lying within the range v and 

V + dv. Debye considers the substance as a homogeneous 
elastic solid and assumes that the heat motions of the 
atoms can be represented by the sum of all the possible 
elastic waves which can occur in the solid. From the 
theory of elasticity the number of independent vibrations 
(elastic waves) whose frequencies lie between v and 

V dv can be calculated. In order to determine the 
maximum frequency, v^^ Debye equates the total number 
of independent vibrations possessed by a gm. atom of 
the solid to 3N, the total number of degrees of freedom. 
(For an infinitely extended solid the number of indepen- 
dent vibrations would be infinite.) Then I \{v)dv = 3N. 

J 0 

In this way, using the value of n(v) given by elastic 

theory, the magnitude of 
Ojy = hv^jk can be calcu- 
lated. Debye thus ob- 
tains the expression 

. 3-6 X 10-3 

AW[f(o)r 

where A = atomic weight, 
p = density, y = compres- 
sibility, /((t) “ a function 
of O', Poisson’s ratio. 

It is found that the 
Debye formula (7) fits 
well the observed specific 
heats of the elements ex- 
cept at extremely low 
temperatures. Table 8 
gives a comparison be- 
tween the experimental and theoretical values for 
aluminium. 


Table 8 


Aluminium J dj^ = 398 


T. 

Cp (obs.). 

Cp (calc.). 

32-4 

0-25 

0-25 

35- 1 

0-33 

0-32 

83-0 

2-41 

2-36 

86-0 

2*52 

2-50 

88-3 

2-62 

2-59 

1370 

3-97 

4-10 

235 0 

5-32 

5-34 

3310 

5-82 

5-78 

433 0 

610 

6-07 

555 0 

6-48 

1 

6*30 

1 
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Table 9 gives the values of Sjy obtained for a number 
of elements, columns 2 and 3 the experimental value 
deduced from the observed specific heat at ordinary and 
high, and very low temperatures respectively, column 4 
the calculated values using Debye’s expression, columns 
5 and 6 theoretical values calculated from formulae given 
by Griineisen (from coefficient of cubic expansion) and 
Lindemann (from melting-point) respectively. 

Table 9 


Element. 

rexp.). 

9jy (calc.). 


Higher 

Temps. 

Very Low 
Temps. 

Debye. 

Griineisen. 

Linde- 

mann. 

Ag 

217 

210 

212 

210 

196 

Cu . 

315 

320 

329 

325 

302 

C(l 

160 

129 

168 

148 

123 

A1 

398 

385 

399 

374 

342 

Pb 

88 

84 

72 

103 

82 

C (diamond) . 

1840 

2230 

— 

1860 

1450 


In comparing the observed values with the calculated 
ones for the specific heat of compounds it is necessary, 
except at very low temperatures, to combine a Debye 
curve (to represent the contribution to the specific heat 
of the translational motion of the molecules as a whole) 
and an Einstein curve (to represent the contribution of 
the internal vibrations of the molecule, which in the case 
of a diatomic molecule such as NaCl at any rate, can be 
supposed to occur with a definite frequency v deducible 
from the properties of the molecule). 

According to expression (7) the specific heats of all 
solids, which satisfy the assumptions of the theory, 
should lie on the same curve if plotted against T/^d in- 
stead of T ; that is the specific heat is a universal function 
of T/dj). ^ Fig .' 21 shows the Debye curve plotted as a 
function of T/Oj). Schrodinger ^ has shown that the 
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observed specific heats of a large number of solids do 
indeed accurately lie on this curve.* 

At sufficiently low temperatures Debye’s formula 
reduces to 

=== 464-5^—^ = const, x T^. . (8) 

This simplified expression fits well the experimental 
values for a large number of substances, and is of impor- 
tance as it has been extensively used to extrapolate to the 
Absolute Zero in cases where the heat content of bodies, 

rT 

I CdT, is required. Since the internal vibrations of the 
J 0 

molecules of any substance are not excited below a cer- 
tain temperature dependent on the nature of the sub- 
stance, the Debye law holds whether the substance is 
an element or a compound, provided this characteristic 
temperature is not exceeded. 

The specific heats of lead, bismuth, tin, zinc, thallium 
and silver have recently been measured by Keesom ® 
down to very low temperatures, mostly with the aid of 
the apparatus shown in Fig. 18. In order to test the 
applicability of Debye’s formula and to show up any 
possible deviations from it, the value of was calculated 
from the formula for each experimental point. It was 
then seen that while lead obeys the T® law almost ac- 
curately down to 3° K., relatively large deviations occur 
in the case of the other metals. Oj) shows a tendency to 
rise to a maximum below 5"^ K. and fall considerably at 
lower temperatures. The orig in of these deviat ions is 
not yet definitely known, but it is likely to lie in the con- 
tribution of the conduction electrons to the specific heat. 
This contribution, according to the Sommerfeld and Bloch 
theories of conduction, is small at room temperature, but 

* The curve, together with the experimental points, is repro- 
duced in Roberts’ “ Heat and Thermod 5 mamics,” data being 
given for Al, Ag, C, Ca, Cd, Cu, Fe, Hg, I, Na, Pb, Tl, Zn, CaFj, 
FeS 2 , NaCl, KBr, KCl. The very numerous experimental points 
are omitted from Fig. 21 as they could not be adequately shown 
on a small diagram. 
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as it varies at low temperatures as the first power of the 
temperature it becomes comparable with the observed 
specific heats at temperatures below about 5° K. It 
would be of considerable interest to determine the specific 
heats of various non-metallic elements at helium tempera- 
tures and so throw light on this point. The fact that solid 
para-hydrogen follows the Debye law, with 6jy equal to 
91 down to 2° K. (see p. 61), furnishes support for the 
explanation mentioned above for the deviations observed 
with the metallic elements. 

The specific heats of tin and thallium are noteworthy 
in that they show a sudden jump on passing through the 
temperature at which these elements become supercon- 
ducting (see Chapter V). A similar jump has not been 
observed with lead (Simon, Keesom), although it also 
becomes a superconductor at 7*26° K. If however the 
actual jump were of the same absolute magnitude as it 
is in tin (0*0024) it would only be about 1 per cent, of 
the observed atomic heat of lead at 7° K. and so would 
be of the same order of magnitude as the experimental 
error. 

The quantum theories of specific heat are based on 
the assumption that all the atoms or molecules remain 
throughout in their ‘‘ ground state ” (the electronic 
state of the atom or molecule which possesses the lowest 
energy). If there is also another possible atomic or 
molecular state with an energy AE above the ground 
state, then at Absolute Zero all the atoms or molecules 
will be in the lowest state, but as the temperature rises 
the upper state will also begin to be occupied. The 
number of atoms in the upper state at any temperature 
T is given by statistical theory as ri = where 

Uq is the number of atoms in the ground state, so that 
at an infinitely high temperature there will be an equal 
number of atoms in both states. Some of the heat 
put into the body will therefore go into raising some of 
the atoms from the ground state to the upper state 
instead of increasing the translational energy of the 
atoms, and the apparent specific heat will consequently 
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be greater than in the absence of this effect. Schottky ^ 
has shown that the additional term to the specific 
heat, AC, which results from increasing the population 
of the upper state is given by 

~ (1 gAE/AjTp * ■ • 

This expression gives a bell-shaped curve which rises 
from zero at the Absolute Zero to a maximum at a 
temperature dependent on the magnitude of AE and 
then decreases to zero at higher temperatures. The 
observed specific heat will then be the sum of and AC. 

The specific heats of gaseous nitric oxide, gadolinium 
sulphate and solid ortho-hydrogen show anomalies 
which can be represented by Schottky ’s formula (9). 
Thus it is known from a study of the spectrum emitted 
by nitric oxide that the normal state of the NO mojecule 
is a 2/7 state, the components (2/7^ and 2/7|) being 
separated by an energy difference of 354 cals. At very 
low temperatures all the molecules will be in the lower 
(2/7^) state but at room temperature the numbers of 
molecules in the two states will be nearly equal. Eucken 
and d’Or ® have measured C,, for nitric oxide over the 
range of temperature 127^^-288® K. and find that the 
specific heat decreases nearly linearly with rise in tem- 
perature, thus the opposite behaviour to the normal 
in this range. The experimental values, however, agree 
well wdth the sum of the normal specific heat of a dia- 
tomic gas having the known moment of inertia of 
the nitric oxide molecule and AC of expression (9), 
provided AE is taken to be 354 cals, as required by 
spectroscopic data. 

The specific heat of crystalline gadolinium sulphate 
has been measured by Kurti from 1*6° to 20° K. (and 
also by Giauque and MacDougall® down to 0*27° K.). 
Down to 7° K. the Debye T® is obeyed, but below this 
temperature the specific heat curve begins to turn 
upwards until at 1*6° K. the specific heat is 500 times 
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as great as the value given by extrapolating the 
curve to this temperature. The additional specific 
heat, given by subtracting the values of the T® law 
from the observed ones, can be explained as a Schottky 
effect. The ground state of the gadolinium "ion Gd^'' ^ 

ah state, which therefore consists in the absence 
of any external magnetic or electric field of eight 
superposed levels of the same energy. In the presence, 
however, of the non-uniform electrostatic field of the 
surrounding ions this will no longer be the case and 
the eight levels will possess different energies, being 
separated from each other by an approximately equal 
energy difference, AE. Attributing the whole of the 
anomaly to the Schottky contribution of the gadolinium 
ion, Kurti’s observations can be explained if AE ~ 0-52 
cal. This would indicate that the maximum of the 
Schottky curve would occur at about 0*1° K. The 
smal^ value for AE is entirely in accord with expectation, 
as the separation of the eight sub-levels of the ®S-7 
ground state by the electrostatic field of the crystal 
is only a second order effect. 

The measurements of Simon, Mendelssohn and 
Ruhemann ® on solid hydrogen between 2° and 20° K. 
show that while solid para-hydrogen obeys well the 
Debye law with 6j) = 91, that of solid ortho-hydrogen 
(deduced from measurements on mixtures of known 
proportions of ortho- and para-hydrogen) deviates 
markedly therefrom below 12° K. The course of the 
deviation agrees with what would be expected from the 
Schottky effect if it is assumed that the ortho molecules 
in the solid possess three neighbouring energy states, 
distant 7*5 cals, from each other. 

Anqther_type of deviation from the Debye curve 
which deserves mention is that shown by solid methane, 
solid hydrogen bromide and various ammonium salts. 
Clusius has shown that the specific heat of solid 
methane begins to rise very rapidly in the neighbour- 
hood of 20° K., reaches a maximum of more than 80 
cals. "per deg. per gm. mol. at 20*44° K. and then falls 
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rapidly to about 4*6 cals, per deg. per gm. mol. at 21-2'^. 
The specific heat-temperature curve then becomes 
normal up to the melting-point. The anomaly is there- 
fore similar to that shown by liquid helium (Fig. 11), 
but with a much more pronounced maximum. Pauling 
has suggested that this anomalous behaviour is due 
to the molecules (or parts of the molecule) of the solid 
substance passing fairly suddenly from oscillation to 
free rotation in the crystal. It is, however, difficult 
to see that such an effect, if this is the whole explana- 
tion, will give such a rapid change in the specific heat 
as is observed unless a coupling between the rotating 
molecules is assumed, one molecule beginning to rotate 
causing its neighbours to rotate also. Quantitative 
calculations of the effect have not yet been made. 



CHAPTER V 

ELECTRICAL CONDUCTIVITY 


The variation with temperature of the electrical con- 
ductivity of the metallic elements and of alloys has 
been the subject of very many investigations. The 
results show that 


electrical conductors 
fall naturally into 
three groups: (1) 
the p\iTe metals, in- 
termetallic com- 
pounds and certain 
alloys, for which the 
specific resistance 
varies approximately 
as the absolute tem- 
perature at about 
room temperature ; 
(2) certain other 
alloys such as eureka 
and manganin, for 
which the specific 
resistance is nearly 
independent of the 
temperature at about 
room temperature ; 


/o 



08 


0 6 


o-^ 


0-2 


0 



and (3) semi-con- 
ductors such as 


Eig. 22. 


carbon and cuprous oxide, for which the specific resist- 
ance generally increases as the temperature decreases. 
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The general form of the specific resistance-temper- 
ature curve for the pure metals, which crystallize in 
the cubic system, is typified by the examples given in 
Fig. 22, in which the abscissae represent r = pjp^y the 
specific resistance at the temperature T divided by 
that at 0° C. At not too low temperatures the resistance 



decreases approximately linearly but more rapidly 
than is given by /> oc T. At very low temperatures the 
specific resistance of all “ pure ’’ metals tends to become 
independent of the temperature, as shown in Figs. 22 
and 23. The various curves in the latter figure show 
the variation of the specific resistance of specimens 
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of gold of different degrees of purity. All the specimens 
have a certain “ residual resistance ” (the resistance 
obtained by extrapolating the curves to Absolute 
Zero), this residual resistance being greater the greater 
the amount of impurity present in the specimen and 
being also greater if the metal is strained or deformed 
in any way. The course of the resistance -temperature 
curve for an ideal strain-free metal can be deduced with 

the aid of the Mathiessen-Nernst rule, r ~ 

I c 

where r = pjpQ for the ideal metal and c is a constant. 
The lowest curve of Fig. 23 shows the agreement among 
the values of r obtained by means of the above formula 
from the observations on the various specimens. All 
experimental values of the specific resistance of the 
‘‘ pure ” metals must be reduced in this way before 
being compared with theory. On account of the 
enormous influence of minute amounts of impurity on 
the resistance of the metallic elements at very low 
temperatures relatively few of the published data are 
of any value for comparison with theoretical formulae. 
For this reason we will quote only a few illustrative 
examples taken mainly from Meissner’s ^ observations 
on very pure specimens (Meissner’s single crystal of 
gold, Au 11, contained for example less than 0*001 per 
cent, of impurity). In the following tables the ob- 

Table 10 Table 11 


Copper^ 6 ~ 330 Lead, 0 — 88 


T, 




T. 


'•obs.-l-BSX 10-‘ 



1-0-0003 ' 




1-1*55x10-* • 

273*2 

1 

1 


273*16 

1 

1 

195*2 

0*662 

0*658 


20*32 

0*03058 

0*02905 

90-2 

0*1847 

0*1804 


14*02 

0*01003 

0*01025 

81-2 

0*1451 

0*141 


7*26 

0*00057 

0*00060 

20*4 

: 0*00059 

0*00051 


4*2 

4x10-8 

2 X 10-8 

4*2 

0*00000 

0*00000 
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Tablp: 12 
Gold, d = 175 


T. 

^calc. 

>-0b8. - 0-00029 

fobs. “ 0-00223 

1 - 0 - 00021 ) 
(Meissner.) 

1 - 0-00223 
(Onnes and Clay.) 

273-2 

1 

1 

1 

87-43 

0-2645 

0-2551 

— 

78-86 

0-2276 

0-2187 

— 

57-8 

0-1356 

— 1 

0-1314 

20-4 

0-00604 

0-00572 

0-0059 

18-0 

0-00346 

— 

0-0035 

14-3 1 

0-00117 

— 

0-00137 

12-1 

0-00051 

— 

0-00048 

111 

0-00033 

— 

0-00030 

4-2 

0 - 000002 <j 

O-OOOOO 3 



served values of p/pQ, reduced according to the Mathiessen- 
Nernst rule, are compared with a semi-empirical formula 
of Griineisen for the metals copper, gold, lead and 

tungsten. The sig- 
nificance of rcaic. 
will be given later 
in the discussion of 
the theories of elec- 
trical conductivity 
at low temperatures. 

The resistance of 
lead below 7*26° K. 
(the temperature at 
which this substance 
becomes supercon- 
ducting, see p. 73) 
was obtained from 
the resistance observed in the presence of a magnetic 
field. The recorded data were obtained by extrapolating 
the observed resistances to H = 0. Meissner’s data on 
lead are included because this specimen shows the 
smallest recorded value of the residual resistance and 


Table 13 


TungUeUy 6 = 346 


T. 

%ilc. 

fobs. “■ 0’00058 

1 - 0-00058 * 

273-2 

1 

1 

90-2 

0-176 

0-168 

87-4 

0-163 

0-156 

77-6 

0-122 

0-115 

20-4 

0-00049 

j 

0-0005o 
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so should be most directly comparable with the ideal 
metal considered in the theoretical treatment of electrical 
conduction. 

The variation with temperature of the specific resist- 
ance of dilute alloys, the constituents of which are com- 
pletely miscible in one another, may be illustrated from 
the data given by Clay ^ for gold-silver alloys (Table 14). 


Table 14 


Specific Resistance of Au — Ag Alloys 


Vol. Per 
Cent. Ag. 

Temp. ®C. 

^obs. ^ 1^*- 

X 10». 



2416 

2136 

0-81^2 

J - 103-83 

1570 

1266 

1 -182-73 

916 

580 


L-252-92 

359 

17 


r ^ 

2444 

2136 

0-960 

J -103-83 

1 -182-73 

1596 

940 

1266 

580 


L- 252-92 

380 

17 


r ^ 

2637 

2130 

1-586 

J -103-83 

1 -] 82-73 

1806 

1161 

1263 

578 


[-252-92 

606 

17 


$ X 10». 


280 "! 
304 I 
335 ( 
341 J 

3081 
329 I 
360 f 
363 j 

5061 
543 I 
582 f 
588 J 


Per 1 Vol. 
Per Cent. 
Ag. 


361 


363 


350 


The general shape of the r . T curves is the same as for 
the pure ’’ metals, but the addition of a small amount of 
the second constituent considerably increases the specific 
resistance. This additional resistance is approximately 
independent of the temperature for any concentration in 
agreement with the relations proposed by Mathiessen and 
Vogt : — 


P = Pm + i’ 


dp 

St dT ’ 


( 1 ) 
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in which p = specific resistance of dilute alloy, ™ 
specific resistance of pure metal, ^ ~ (constant) additive 
resistance. It will be seen from column 6, Table 14, that 
the additional resistance is approximately proportional 
to the amount of silver present. 

The electrical resistance of certain other alloys such 
as manganin, eureka and phosphor-bronze, on the other 
hand, varies with the temperature in a manner very 
different from the pure ” metals. Thus these alloys 
possess a very small negative coefficient of change of 
resistance at higher temperatures. As the temperature 
is lowered the resistance reaches a maximum and then 
decreases approximately linearly at low temperatures, 
below 100° K. for maganin and below 7° K. for phosphor- 
bronze, as can be seen from Table 15 : — 


Table 15 




Manganin, Cu 84 per cent., Mn 12 per 
cent., Ni 4 per cent. 

(Onnes and Holst. s) 

Idiosphor-bronze, Unannealed. 
(Keesom and v. d. Ende.-i) 

t. 

R ohms. 

T. 

r. 

16*5^ C. 

124*20 

4*237° K. 

0*7725 

-1830 

119*35 

3*581 

0*7439 

-20]*7 

117*90 

2*916 

0*7156 

-253*3 

113*42 

2*396 

0*6944 

-258*0 

112*91 

'1*823 

0*6728 

-269*0 

111*92 

1*507 

0*6625 

-271*5 

111*71 

1*257 

0*6536 


This property makes these alloys suitable for use as 
resistance thermometers at very low temperatures (see 
Chapter II). 

A further type of variation with temperature is ex- 
hibited by the class of semi-conductors at low tempera- 
tures. Thus the specific resistance of carbon continues 
to increase with decrease in temperature down to 4° K. 
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That of germanium shows a minimum at — 116° C. and 
can be represented by the formula 

+ ^ ( 2 ) 

between ~ 190° and + 100° C. (Bidwell). Cuprous 
oxide, according to Vogt,® shows a temperature variation 
of the form p ^ down to — 190°. 

The typical examples of the variation with tempera- 
ture of the electrical conductivity of various substances 
given in the above tables may now be compared with the 
results of recent theoretical investigations. The second 
column in Tables 10 to 13 contains the calculated values 
obtained from a semi -empirical formula of Griineisen : — 


c 


f20j» 




■ 


( 3 ) 


in which C ~ ? A 


JN //c\^ 

■^rx . ^ , l-j 0^,1^ ~ number of atoms per 
cm.®, n = number of conduction electrons per cm.®, 
^ X = ^ = For very high temperatures, 

T ^ 0 {0 — Debye’s characteristic temperature), the 
above formula reduces to p = very low tem- 


peratures, on the other hand, expression (4) becomes 
/T\ ® 

p -==: 497-7 ^{-pj • The Griineisen formula thus leads to 

the same rate of variation of the resistance with tem- 
perature at high and low temperatures as Bloch’s theory 
now to be discussed. The agreement between the cal- 
culated and (reduced) observed values of r for tempera- 
tures much less than 6 for the metal in question may 
therefore also bp taken as evidence of the correctness of 

Bloch’s result, viz. p oc for T 9. 


The observed variation of the specific resistance of a 
pure metabat low temperatures has received a theoretical 
explanation by the application of the wave mechanics 
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to the problem by Bloch ® and others. In order to cal- 
culate the possible flow of electrons through the crystal 
lattice of a metal the interaction of an electron with the 
other particles of the lattice is taken into account by 
assuming the electron to be moving in a periodic field of 
potential. The results of the calculation may be illus- 
trated by considering the simphfied case of a one-dimen- 
sional lattice. It is then found that the energy values, 
which an electron moving through the lattice can have, 
form a spectrum of continuous bands of energy states 
separated by finite intervals of forbidden states. The 
distribution of the electrons among these energy states 
is governed by the Fermi statistics which is based on an 
application of the Pauli exclusion principle to the transla- 
tory movements of particles in an enclosure. As a result 
of the Pauli principle each energy state is completely 
filled when it is occupied by two electrons, corresponding 
to the two possible orientations of the electron spip. In 
a metal all the levels of the lowest band of energy states 
will be occupied except for a relatively few of the highest 
energy, there being also a few electrons in the lowest 
levels of the next band. Under the influence of an applied 
electric field some of the electrons of the lowest band will 
make transitions into empty energy states in this band, 
so producing an electric current. Exchanges between 
electrons in occupied levels do not result in a current. 

In the collisions between the electrons and the ions of 
the lattice the possible changes of energy and momentum 
suffered by the electron are limited by certain quantum 
restrictions. Thus if is the energy of an electron 
before and Eg that after the collision, E^ — Eg ih 
where is some possible frequency of the ionic lattice. 
Since now the energy of the ions decreases as T^ at low 
temperatures according to the Debye theory of specific 
heats, the electrical resistance of a pure metal will de- 
crease rapidly with the temperature. The resistance 
depends on the number of “ effective ” collisions per 
second, those in which the above energy condition can 
be fulfilled » and on the scatterine produced at each col- 
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lision which is determined by Ej — Eg. These two factors 
both decrease considerably at low temperatures because 
the energy of the lattice is then made up largely of low 
energy quanta. The mathematical formulation of these 

/T\^ 

facts leads to the result p oc ( ^ j for T << At high 

temperatures, T Bloch’s theory indicates that the 
resistance is proportional to the absolute temperature, 

p oc The expression for intermediate temperatures 

is more complicated. 

The effect of small amounts of impurity can readily be 
explained by Bloch’s theory. The statistical distribu- 
tion of the additional atoms throughout the lattice can 
be regarded as a disturbance of the periodicity of the 
latter. Consequently an additional term has to be 
added when calculating the scattering of the electrons by 
the lattice and it can readily by seen that the extra 
scattering will be independent of the temperature. The 
excess of the resistance of a dilute alloy over that of the 
pure metal will thus be independent of the temperature 
in agreement with observation (Table 14) . Provided the 
concentration of the additional substance is small the 
increase in resistance will obviously also be proportional 
to the amount of this substance present. 

Wilson ’ has shown that the theory can also account 
for the behaviour of semi-conductors. If the lowest 
energy band of a substance is completely filled with 
electrons and the next band completely empty, the sub- 
stance will be an insulator if the gap between the two 
bands is large. If, however, this width AE is comparable 
with /cT, a few electrons from the lowest band will be 
able to make transitions to levels in the next band and so 
give rise to conductivity in the substance. The variation 
of the resistance with temperature will, however, be dif- 
ferent from that of the pure metals and Wilson has shown 
that the theory leads to the law, p ~ in agreement 

with the experimental results for the t}q)ical semi-con- 
ductor, cuprous oxide. 
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Superconductivity 

In order to study further the question as to whether 
the residual resistance of an absolutely pure metal 
really becomes zero at the Absolute Zero or remains 
finite as earlier work suggested, Kamerlingh Onnes ® 
in 1911 determined the resistance of solid mercury at 
helium temperatures. This metal was chosen because 
it can readily be subjected to repeated purification. 
The very important discovery was made that at about 
4*2° K. the electrical resistance of mercury begins to 
diminish rapidly and all measurable resistance vanishes 
within a temperature range of a few hundredths of a 
degree. To this new phenomenon the name supercon- 
ductivity was given. The method employed was the 
ordinary one of comparing the potential difference across 
the unknown resistance with that across a known resis- 
tance in series with it. The sensitivity of the apparatus 
was such that a resistance of about IQ-i® of that present 
at 0® C. could have been detected. The resistance in 
the superconducting state was, however, certainly less 
than that. 

The electrical conductivity of many other metals, 
alloys and metallic compounds has been investigated 
since 1911 in the cryogenic laboratories of Leiden, 
Berlin and Toronto. Among the metals examined 
those in the following table have been found to become 
superconducting at the temperatures indicated. 

With regard to binary alloys it may be stated that 
superconductivity occurs in (1) alloys. of two super- 
conductors, (2) alloys of a superconductor and a non- 
superconductor in which the crystal lattice of the super- 
conductor is preserved, and (3) in certain intermetallic 
compounds of one superconductor aiid one non-super- 
conductor or even of two non-superconductors. The 
compound AugBi, which becomes ' superconducting at 
1*83° K., is an interesting example of the last class. 
Meissner ® has also discovered superconductivity in 
certain compounds of a metallic and a non-metallic 
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element such as sulphides, nitrides and borides ; for 
example, CuS becomes superconducting at 1*6° K. 
although it is only a poor conductor at room temperature. 

Nearly all the pure metals, with the exception of those 
of the rare earth group, have 
been investigated down to 
about 1*3° K. and a few to 
lower temperatures, but only 
those given in Table 16 have 
been found to become super- 
conducting. It is, however, 
quite possible that supercon- 
ductivity may be discovered 
in some other elements * 
when the experiments are 
extended to the range below 
1*0° K. attainable by the 
new methods discussed in 
Chapter I. 

Fig. 24 gives the transi- 
tion curve ” for tin, showing 
the change of resistance with 
temperature for the three 
cases of (1) a polycrystalline wire, (2) a wire containing 
a few large crystals, and (3) a single crystal wire. Each 
of these curves is reproducible whether traversed from 
higher to lower or lower to higher temperatures, but 
the spread of the transition curves is dependent on the 
strength of the current (de Haas and Voogd i®). 

It will be seen that the residual resistance vanishes 
within a range of a few hundredths of a degree for the 
polycrystalline wire. This behaviour is typical of 
such wires of the pure metals. With a good single 
crystal the spread of the transition curve is only about 
0-002°. It is probable that the transition is actually 

* From measurements on molybdenum-carbon all9ys, Meissner 
concludes that pure molybdenum becomes superconducting at 
about 1° K., but this has not yet been observed directly. 


Table 16 


Substance. 

Trans tioii 
Temperature. 

Nb 

9-2° K. 

Pb 

7-26 

Ta 

4-38 

V 

4-3 

Hg 

4-12 

Sn 

3-69 

In 

3-37 

T1 

2-37 

Ti 

1-77 

Th 

1-43 

A1 

1-14 

Ga 

1-05 

Zn 

0-79 

Cd 

0*6 
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discontinuous with a perfect strain-free single crystal 
for infinitesimally small currents. 

Since the transition from ordinary eonductivity to 
superconductivity does in general occur over a defeite 
range of temperature it is usual to define the transition 
temperature as that temperature at which half of the 
residual resistance present before the transition has 
disappeared. The temperatures given in the table 
accord with this definition. 


dV/ 3^73 3°75 3''77 



Fig. 24. 

If a current is flowing in a circuit containing a resist- 
ance R and an inductance L and the e.m.f. is suddenly/ 
removed, the current falls to 1/e of its original value in 
a time r equal to L/R. With ordinary conductorf: 
T is of the order 10“^ sec. Since the early determina- 
tions had shown that the electrical resistance of a super- 
conductor, even if not strictly zero, could not be greatei 
than 10"^® X Ro°c.j that case would be of the ordei 
of days and a current should persist long after tlu 
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e.m.f. had been removed. This was tested by Kamer- 
lingh Onnes with the aid of the circuit shown in 
Fig. 25. C was a coil wound with lead wire and im- 
mersed in liquid helium. was a key made of two 
blocks of lead, one of which was provided with three 
small conical points. This key was also at the low 
temperature and served to open or close the super- 
conducting circuit without introducing ordinary re- 
sistance.* The circuit was further connected outside 
the cryostat to a source of current, an ammeter and a 
galvanometer, as shown. On closing key Kg a current 
was sent through C and this was indicated by both the 
ammeter and the compass needle N, placed outside 
the cryostat but near C. was then closed and no 



change occurred, since there was no measurable difference 
of potential across K^. Kg was next opened and the 
ammeter read zero, but the compass needle was still 
deflected, since the current continued to flow through 
0. Kg was then closed and finally, hours later perhaps, 
Ki was opened. The galvanometer was deflected, 

* Since the contact resistance of the jjlugs of an ordinary re- 
sistance box is of the order of it was not at first certain 

whether K^ would not also have a contact resistance of this order. 
It was, however, found to introduce no ordinary resistance. 
This was later confirmed by Meissner, who also showed that the 
pontact resistance between two different superconductors van- 
ishes at temperatures below the transition points of both metals. 
This fact is of considerable importance in connection with the 
theories of the nature of superconductivity. 
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indicating, the current which was originally started by 
.closing Kg and the compass needle now returned to its 
undeflected position. This experiment thus demon- 
strated the existence of currents which persist in a super- 
conducting circuit long after the inducing e.m.f. has 
been removed. 

A still lower limit was set to the micro -residual re- 
sistance of a superconductor by 
a later experiment of Kamerlingh 
Onnes and Tuyn.^^ A dyna- 
mometer was constructed consist- 
ing of two circular lead rings of 
square cross-section, the outer one 
fixed and the inner one suspended 
from a torsion head by means of 
a spring and glass rod, as shown 
in Fig. 26. The rings were im- 
mersed in liquid helium ip the 
Dewar vessel and the latter was 
placed between the poles of an 
electromagnet so that the plane of 
the rings was perpendicular to the 
lines of force. The rings were 
therefore superconducting, the 
boiling-point of helium at atmo- 
spheric pressure at which the 
experiment was carried out being 
below the transition temperature 
of lead. A current was then 
switched on in the magnet large 
enough to produce a magnetic 
field greater than the threshold 
field-strength of lead (see later). 
The current was then switched off, and so, when the 
magnetic field had fallen below the threshold value, 
currents were induced in the coplanar lead rings. In the 
actual experiment calculation showed that the currents 
flowing were 370 and 170 amperes in the outer and inner 
rings respectively. On account of the vanishingly small 
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►micro -residual resistance of the lead no measurable 
Joulian heat was produced even by these large currents. 

The torsion-head was then turned so that the inner 
ring made an angle of 30° with the outer one. The angle 
through which the torsion-head had to be turned was 
greater than 30° on account of the couple due to the 
action of the currents tending to keep the rings coplanar. 
By means of the mirror on the suspended system it was 
possible to observe any change in the angle between the 
rings resulting from a decrease in the current strengths. 
It was found that the currents did not decrease by as 
much as 1 part in 40,000 per hour. A calculation of the 
time of relaxation r then showed that the micro -residual 
resistance of lead at 4*2° K. is less than 10“^^ X c.- The 
experiment thus further reduced the maximum possible 
resistance present in the superconducting state. 

A variant of the experiment furnished another result 
of great importance in connection with the theory of the 
nature* of superconductivity. A hollow sphere of lead 
was substituted for the inner ring and the experiment 
carried out as before. It was again found that, after 
currents had been induced in the lead conductors, a 
couple, which did not vary by a measurable amount in 
several hours, was exerted on the suspended system. 
This meant that the superconducting currents once 
started in the sphere traversed paths fixed relative to the 
latter and that they could not be defiected from these 
paths by any magnetic field less than the threshold field. 
This conclusion is confirmed by the fact that no Hall 
effect is shown by superconductors. 

Soon after the discovery of superconductivity it was 
found by Kamerlingh Onnes that if a superconductor is 
placed in a magnetic field and the latter is gradually 
increased the ordinary resistance of the wire suddenly 
begins to return at a definite value of the field strength. 
The resistance increases with increasing field until the 
whole of the ordinary resistance corresponding to the 
temperature of the experiment has returned. The curve 
so obtained for R against H is quite reproducible, the 
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field strength required increasing as the temperature is 
lowered more and more below the transition temperature. 
Eig. 27 illustrates the effect of a longitudinal magnetic 
field for the case of a polycrystalline wire of tin. The 
threshold value of the magnetic field is defined as the 
field required to bring back half of the resistance corre- 
sponding to the temperature T in the non-superconducting 
state. Hx is then connected with T by the relation 

Hx “ «(Ts T). 

Ts — normal transition temperature without field. 
For the case of the pure metals, Hx is generally relatively 



Fig. 27. 


small. A few values are given in the following List ; 
Pb, 600 gauss at 4 - 2 ° ; Sn, 50 gauss at 3 35° ; Hg, 
14 gauss at 4*12 ; In, 62 gauss at 2*93° ; Tl, 32 gauss at 
2*13° (Tuyn and Onnes,^^ de Haas and Voogd^^). The 
alloy of lead and bismuth containing 35 at. per cent. 
Bi is interesting because its threshold magnetic field is 
very much higher than that of any pure metal. Thus at 
4*22° Hx is 18,450 gauss and at 1*97°, 25,700 gauss (de 
Haas and Voogd). If a solenoid could be wound with 
wire of this alloy it would be possible to produce magnetic 
fields of about 20,000 gauss at about 2° K. without any 
production of Joulian heat. It would only be necessary 
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to immerse the solenoid in liquid helium at this tempera- 
ture and pass a sufficiently large current through it. 
One could then partially realise Onnes’ suggestion, made 
before the discovery of the effect of a magnetic field on a 
superconductor, that very large magnetic fields (100,000 
gauss was mentioned) could be obtained in this way.* 
Fig. 28 shows the effect of a longitudinal magnetic 
field on the resistance of a single crystal of tin at 2*92° 
With an increasing field the ordinary resistance returns 
along a continuous curve as in the case of a polycrystal- 
line wire. When, however, the field is gradually reduced 



Fig, 28. 

the resistance remains quite constant until some such 
value as A is reached, when the ordinary resistance dis- 
appears discontinuously. The ascending curve is quite 
definite and reproducible, but the descending curve is not, 
the discontinuity occurring at A or B or any arbitrary 
point between them. The effect of the magnetic field 
thus shows some sort of hysteresis. Fig. 28 is also typical 
of the behaviour of single crystals of other supercon- 
ductors. The effect obtained with a transverse mag- 
netic field is somewhat different. 

* Experiments • on these lines have been commenced by 
Mendelssohn at Oxford. 
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It was found by Onnes that if the density of the current 
through a superconducting wire is raised above a certain 
critical value the ordinary resistance reappears. Sils- 
bee suggested, and later Onnes and Tuyu established 
experimentally, that the threshold value of the current 
is that current which produces the threshold value of the 
magnetic field at the surface of the conductor. The 
effect of the current density is thus not a fresh phenom- 
enon in itself. 

On investigating the effect of elastic strains on the 
behaviour of a superconductor, Sizoo and Onnes dis- 
covered that tension below the elastic limit raises the 
transition temperature and that hydrostatic pressure 
lowers it. These results are unexpected as tensile stress 
increases the longitudinal resistance and hydrostatic 
pressure decreases the resistance of an ordinary con- 
ductor. The effects are, however, in accord with the 
empirical fact that a large distance between the atoms 
in a solid favours superconductivity. 

McLennan and Silsbee, Scott, Cook and Brickwedde 
have shown that the metals which exhibit supercon- 
ductivity for direct currents are also superconducting 
with alternating currents of frequencies up to 10’ per 
sec. The transition temperature is however somewhat 
lower than for direct current and to a greater extent the 
higher the frequency. The significance of the results is 
however rather obscure at present. 

Connection Between Superconductivity and 
Other Physical Properties 

Many attempts have been made to find a connection 
between superconductivity and other physical proper- 
ties, but until recently without success. Thus it may be 
stated briefiy that on passing through the transition 
temperature no change occurs in the dimensions of the 
crystal-lattice, the elastic properties, the coefficient of 
expansion, the magnetostriction, the work function and 
the photoelectric properties. Furthermore, supercon- 
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the absolute saturation. The information at present 
available on this question is derived almost entirely 
from the work of Weiss and Forrer ^ on various ferro- 
magnetic substances, including iron, nickel, magnetite 
and cementite, and that of Allen and Constant * on the 
cubic modification of cobalt.^ In addition Weiss and 
Kamerlingh Onnes ^ determined the ratio of the mag- 
netization of iron, nickel and magnetite at room tem- 
perature to that at 20° K. for various field strengths. 
No extensive estimates of the spontaneous magnetiza- 
tion have been made below 100° K., on account of the 
difficulty in determining accurately the small variation 
which occurs below this temperature. Thus with 
most ferromagnetic substances the spontaneous mag- 
netization at 100° K. is within two parts in 100 of the 
absolute saturation and in some cases within two to 
three parts in 1000. For the determination of the 
absolute saturation by extrapolation to Absolute Zero 
it is \}herefore generally unnecessary to proceed to lower 
temperatures than that of liquid air, but measurements 
below this temperature are definitely desirable to 
establish the law of approach to saturation. An 
accurate knowledge of the temperature variation o^ 
the spontaneous magnetization at very low temperatures 
would be of considerable importance from the theoret^ 
ical point of view. 

In the work of Weiss and Forrer and also that of Allen 
and Constant the magnetization of the substance for 
some known high field-strength was determined by 
rapidly withdi’awing the specimen — in the form of an 
ellipsoid — from the field and observing the ballistic 
throw of the galvanometer in circuit with a pair of 
coils attached to the pole-pieces of the electromagnet. 
To obtain the low temperatures the specimen was 
immersed in a bath of pentane which could be cooled 
externally by means of liquid air. 

♦ Apart from the work of Sadron, Peschard and others on 
various ferromagnetic alloys, which is beyond the scope of the 
present book to discuss. 
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The magnetization at any temperature was found 
for high field strengths to be given by 

^H,T ^oo,T “ gy!’ • • 

in which cr^ ^ is the observed magnetization for a field 
strength H and temperature T, ^ is the apparent 
saturation at temperature T and a is a constant. 

The temperature variation of the apparent saturation 
could be represented by the expression 

-co.t = -co.o=k.(1-AT^-BT*-. . .), . (2) 

in which croo,o'’K. fhe absolute saturation, spontaneous 
magnetization at Absolute Zero, A and B arc constants. 
For iron and cementite the quantity B in (2) is zero 
and for the other ferromagnetics it is small. 

The experimental values of for iron, 

nickel, magnetite and cementite are given in Table 18 
as a function of Tjd, the absolute temperature divided 
by the temperature of the Curie point * of the substance 
in question : — 

Table 18 


Tie. 

‘"«.T 

Iron. 

Nickel. 

Magnetite. 

Cementite. 

°'oo,0°K. 

0 

1-0000 

1-000 

1-000 

1-000 

1-000 

01 

1-0000 

0-998 

0-997 

— 

0-989 

0-2 i 

0-9999 

0-991 

0-991 

0-986 

0-978 

0-3 1 

0-9974 

0-978 

0-979 

0-960 

0-958 

0-4 

0-9856 


0-961 

! 0-917 

0-927 


As far as the law of approach to saturation is con- 
cerned the various ferromagnetic substances appear tc 
group themselves according to their crystal symmetry. 


* The Curie point is the temperature at which the spontaneous 
magnetization of a ferromagnetic substance vanishes. Table 
18 was calculated, using the following values of 6 : iron, 1047° K. 
nickel, 631° K. ; magnetite, 858° K. ; cementite,. 488° 
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Thus the observations for cubic iron and nickel (and 
cubic cobalt according to Allen and Constant) fall on 
the same curve, those for the orthorhombic crystals, 
magnetite and cementite, approximately on another 
curve, and those for hexagonal cobalt (Honda and 
Mazumoto) on a third one. 

According to the Weiss theory the spontaneous mag- 
netization or of a ferromagnetic substance which possesses 
one effective electron spin moment per atom is deter- 
mined by the equations 


tanh a 


. 

• (3) 

MRT 


T 

• (4) 

■ 

a = 

-g.a,. . 

/iH 

/xNI 

puNap 


kT ~ 

kT 

kT ■ 



In the above expressions ctq is the saturation magnetiza- 
tion %t Absolute Zero, the saturation moment per 
gram molecule, M the molecular weight, p the density, 
N the Weiss molecular field constant, 6 the Curie tem- 
perature, /X the magnetic moment per atom, and I the 
intensity of magnetization per unit volume. By elim- 
inating a between (3) and (4) for the case of no external 
field for which the expressions in (5) arc valid ct/cto can 
be obtained as a function of T/O. The values of cr/crQ 
calculated from this expression are given in column 2 of 
Table 18. It will be seen that the spontaneous magneti- 
zation varies more rapidly with the temperature at low 
temperatures than is given by the simple Weiss theory. 

By considering the effect in the wave mechanical 
treatment of the problem of the “ exchanges ” between 
electrons in the neighbouring atoms, Heisenberg ^ was 
able to give a basis for the explanation of the Weiss 
molecular field of ferromagnetics. In the absence of an 
external magnetic field the equations determining the 
magnetization on the Heisenberg theory are 

y = tanh x, . . . . • (6) 

* = i(y + 7 ) • 2 / + ^ • • (7) 
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The symbols in the above equations have the following 
meanings : 

n = total number of electrons. 

n' = number of unpaired electrons. 

y n'jn = a/cro- 

y ™ 2 :Jo/A:T, where 2 ; is the number of neighbours sur- 
rounding each atom and Jq the interaction 
integral. 

There is assumed to be one effective electron spin 
moment per atom. 

Apart from the terms in y^ which arise because of the 
special assumptions made by Heisenberg with regard 
to the energy distribution of states corresponding to a 
particular value of the number of unpaired electrons 
Heisenberg’s theory leads to the same law of variation 
of the spontaneous magnetization with temperature as 
equations (3) and (4). 

Both these simplified theories require that the^ spon- 
taneous magnetization shall be the same function of T/0 
for all ferromagnetics independently of their chemical 
nature and crystalline symmetry. This law of corre- 
sponding states ” is approximately true, but considerable 
deviations from it occur at low temperatures and near 
the Curie point, 

Bloch, ^ employing a method due to Slater, has made 
a calculation of the temperature variation of the spon- 
taneous magnetization at low temperatures which is 
much more general than Heisenberg’s theory. The law 
of approach to saturation then becomes 

a = <T„(l - . . (8) 

in which a is a constant which has different values ac- 
cording to the crystalline symmetry of the ferromagnetic 
substance, the numerical values having been calculated 
for the cases of a simple cubic, a face-centred cubic and a 
body-centred cubic lattice. The theory thus gives a 
different law of approach to saturation for substances of 
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different crystalline symmetry in agreement with ex- 
periment. The predicted rate of variation of the spon- 
taneous magnetization is, however, again smaller than 
that actually observed. 


Since the Nernst Heat Theorem requires that ^ ■ 


as T ->■ 0 (F is the free energy ”) we shall have also 
^ 0 as T 0. It is of interest to note that the 


experimental law of approach to saturation (2) and the 
various theoretical expressions mentioned above all 
satisfy this condition, whereas the Lange vin expression 

(7/(70 — coth ® ~ deduced from the classical theory 


does not. 


The saturation magnetization at Absolute Zero deduced 
from the observations of Weiss and Forrer and of Allen 


and Constant is 12,382, 9723 and 3380-8 e.g.s. units per 
gm. atom for iron, cobalt and nickel respectively. The 
magnetic moments per atom expressed in terms of the 
Bohr magneton are then 2-22, 1-7 and 0-606 The 
value of the gyromagnetic ratio for ferromagnetics shows 
that the carriers of the magnetic moment are electron 
spins. t It might therefore be expected that the ob- 
served moments would be integral multiples of the Bohr 
unit, if each atom contributes one or more electron spins. 
The fact that this is not the case has not yet received a 
completely satisfactory explanation. 

Thus Stoner ® suggested that a ferromagnetic must be 
considered as an equilibrium mixture of neutral atoms, 
ions and free electrons. The atoms and ions contribute to 


the total moment according to the spin moments of their 
ground states and the free electrons make no contribution. 
The suggestion is however unsatisfactory, as the propor- 
tion of atoms and ions has to be assumed ad hoc and the 


♦The Bohr magneton j3 is equal to 9T74 X 10-^® e.m.u. or 
per gram mol. 5564 e.m.u. 

t Pyrrohite is apparently an exception, the orbital moment 
also contributing to the total moment. 
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wave mechanical treatment of the theory of metalsr' 
shows that no sharp division into atoms, ions and free 
electrons in the lattice can be made. 

Similarly Wolfe ^ postulated that the ferromagnetic is 
a mixture of atoms in different spectroscopic states (for 
example, for nickel and with spin moments 2 and 
0). The known energy differences between the required 
states are, however, much too great for any appreciable 
proportion of the atoms to be in the higher state at low 
temperatures. 

Stoner ® has more recently put forward a theory in 
which the ferromagnetic metal is considered from the 
point of view of the Bloch theory of electrical conduction 
in metals and of the Heisenberg theory of ferromagnetism . 
The observed values of the atomic moments, it is siig- 
gested, correspond to an equilibrium resulting from two 
opposing tendencies. These are the normal tendency of 
the electrons in a metal to form pairs and fill up all the 
lower energy states, each state being completely filled 
when it contains two electrons of opposite spin, and the 
tendency of the electrons responsible for the magnetic 
properties to set parallel in ferromagnetics due to the 
interaction integral being positive. The resultant atomic 
moments will then lie between those corresponding to the 
spin moments of the free atoms (4, 3, and 2 for iron, 
cobalt and nickel respectively) and zero. The theory 
has, however, only been presented as yet in a qualitative 
form. 

Diamagnetism 

The non-conducting elements and compounds, the 
molecules of which possess no permanent magnetic 
moment, are diamagnetic and their molecular sus- 
ceptibilities (specific susceptibility x molecular weight) 
are in general independent of the temperature and of 
the strength of the applied magnetic field. This is, 
however, not the case with the metals and semi-con- 
ductors, the (negative) susceptibility generally increas- 
ing as the temperature is lowered and being possibly 
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'•lc 2 >eiident on the strength of the magnetic field as in 
the case of bismuth. 

The susceptibilities of polycrystalline specimens of 
most of the diamagnetic elements were determined by 
Honda ® and Owen and those of single crystals of a 
few of the metals by McLennan, Ruedy and Cohen 
down to the temperature of liquid air. The measure- 
ments have more recently been extended to lower tem- 
peratures by de Haas and van Alphen (down to 
14*2° K.). Table 19 gives some typical results obtained 
by the latter workers employing a modification of the 
apparatus shown in Fig. 31. 


Table 19 


X X 10« 



0^ 



a 

=s 


i 

Bismuth. 

T, 

■a 

cj 

Coppe 

Silver. 

a 

TS 

ed 

O 

LcAd. 

« 

H 

hexag. 

axis. 

, II 

hexag. 

axis. 

K. 

289 

-3-0 

-0-086 

-0-188 

-0-183 

-0-111 

-0-215 

-1-48 

-1-045 

77-2 

4*7 

0-090 

0-101 

0-245 

0-129 

0-246 

1-80 

— 

C3'8 

4-7 1 

0-091 

0-190 

0-256 

0-131 

0-248 

-1-80 

— 

20-4 

4-7 

0-097 

0-19 

0-319 

0-132 

0-255 

depends 

1-20 

14-2 

-4*7 

-0-097 

-0-19 

-0-326 

-0-132 

-0-258 

on fl(dd 

-1-20 


It will be seen that the susceptibility increases with 
decrease in temperature, the rate of increase becoming 
smaller as the temperature falls. As the susceptibility 
of bismuth was found to become dependent on the field 
strength below 20° K., the phenomenon was examined 
in more detail with' the aid of single crystals with the 
results shown in Fig. 29, in which the magnetization 
perpendicular to the hexagonal axis of the crystal is 
plotted as a function of the magnetic field for the two 
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temperatures 20-4'^ and 14*2° K. The susceptibility 
as calculated from these observations is thus a periodic 
function of the field, the variations being more marked 
at the lower temperature. On the other hand, the 
susceptibility parallel to the hexagonal axis is inde- 
pendent of the field down to 14*2° K. 

The susceptibihty of the diamagnetic metals and semi- 
conductors is the sum of three factors, (1) the diamag- 
netism of the ions, (2) the Pauli paramagnetism of the 
conduction electrons, and (3) the Landau diamagnetism 



Fig. 29. — The curve for 20*4° K. has been displaced — 4 X 10~® 
along the a axis, to avoid confusion with the other curve. 


of the latter. , The contribution due to the diamagnetism 

Ze^ 

of the ions is x^(I) = — g — 2 ^^^ which Z is the number 


of atoms per gram atom, e the electronic charge, m the 
mass of the electron, and the mean of the square of 
the radius of the electron orbit summed over all possible 
values. Xa(^) independent of the temperature 

and field strength. 

Pauli was the first to show that a ‘‘ gas of free 
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.electrons, each having a spin moment /x and conforming 
to the Fermi statistics, shows a weak paramagnetism 
which is independent of the temperature. A more 
general calculation by Bloch shows that this contribu- 
tion to the atomic susceptibility amounts to 




+ L~^VV/ Vs; J 

2-20 X - 1-03 X . (9) 


n ~ number of conduction electrons in the volume V. 

Since n/V is of the order 10^^, the second term is 
quite negligible at low temperatures and the atomic 
susceptibility is approximately equal to + 10“^ and in- 
dependent of the temperature. This result is not materi- 
ally changed when the conduction electrons are not 
considered as free ” but as bound more or less loosely 
to the* metallic ions as in Bloch’s theory of electrical 
conduction in metals. 

The corresponding calculation for the case of semi- 
conductors (Wilson) gives a different result as the number 
of electrons in the various ‘‘ bands ” of allowed energies 
varies appreciably with the temperature. The formula is 

Xa(II)= . (10) 

in which P ~ A:Tq, JcO “ Wq — and Wq and 
are quantities of the nature of energies connected with 
the first and second allowed band ” of energies of the 
conduction electrons. The paramagnetic susceptibihty, 
in this case, decreases exponentiahy with fall in tem- 
perature in agreement with the behaviour of graphite, 
a typical semiconductor. 

When effects due to spin ” are neglected a “ gas ” 
of free electrons contributes nothing to the susceptibihty 
on the classical theory. Landau has, however, 
shown that the quantum theory leads to a weak dia- 
magnetism for such an electron gas, the effect being 
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a consequence of the fact that the angular momentinn 
of the (bent) electron paths in a magnetic field must 
satisfy certain quantum conditions. The susceptibility 
so calculated for free electrons is of the opposite sign 
to (9) and equal to one-third of the first term. It is 
therefore also independent of the temperature. 

Peierls has recently extended Landau’s calculation 
to the case of low temperatures and high field strengths 
and has shown that the susceptibility is then a function 
of the applied field. The magnetization should show 
a series of minima which become more pronounced and 
more numerous the lower the temperature and the 

positions of which satisfy the relation H = — 

m — 1, 2, 3, etc. This is exactly what was observed by 
de Haas and van Alphen (Fig. 29) for bismuth, but a 
quantitative agreement cannot yet be obtained between 
experiment and the theory in its simplcvst form. The 
calculations, however, indicate that the effect should 
be observed most readily with metals having a large 
diamagnetism and a small number of free ” electrons 
per atom, such as bismuth, gallium * and antimony 
and that more minima should appear at the small field 
strength side of the curve as the temperature is lowered 
below 14-2° K. 

It will be seen that the theory of metals in its simplest 
form cannot reproduce the temperature variation of 
the diamagnetism of these substances at low temper- 
atures. It is, however, probable that the experimental 
results will be satisfactorily explained when the theory 
of both effects (2) and (3) is extended to the case of 
bound electrons and the other known facts regarding 


* There is a definite correlation between the variations of the 
diamagnetism of bismuth with field strength and those of the 
change of resistance in a magnetic field. As gallium shows 
similar though not so pronounced phenomena with regard to 
the latter effect, it is very probable that the diamagnetism of 
this substance will be found to vary with the field strength at 
very low temperatures. 
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the conduction electrons in metals are taken into 
account. 

Paramagnetism 


When the atoms or molecules of a substance have a 
quantum number J which is not zero, they possess a 
permanent magnetic moment and the substance ex- 
hibits paramagnetism. The susceptibihty is positive, 
generally independent of the magnetic field strength and 
approximately inversely proportional to the absolute 
temperature. 

In order to appreciate the recent advances in 
theoretical treatment which have greatly added to our 
knowledge of paramagnetism at low temperatures and 
much facilitated the interpretation of the experimental 
results we must quote the general formula from which 
the susceptibility can be calculated for any given system. 
By considering the free energy of the system and applying 
a welf-known theorem in statistical mechanics it can be 
shown that the susceptibility x per unit mass is given by 


X 



H * 

8 


( 11 ) 


In the above expression N is the number of atoms or 
molecules per gm., E, the energy of the Sth state of the 
atom or molecule, and the summation extends over all 
states which make an appreciable contribution to the 
susceptibility. The problem of calculating x thus 
reduces to that of calculating the possible energy levels 
of the atom in the presence of a magnetic field. 

On account of the Boltzmann factor e ” the magni- 
tude of the susceptibility and its variation with tempera- 
ture will depend greatly on the energy separation between 
the various possible states, a state making an appreciable 
contribution or not at the temperature T, according as 
the ‘‘ height ’’ of the state above the lowest one is small 
or large compared with kT. In general the possible levels 
7 
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arc the components of the lowest Ipiltiplet. Thus in the 
case of the trivalent cerium ion to be considered later, the 
lowest multiplet is a W, the two components 2 F 5/2 and 
2 F 7/2 being separated by an energy difference of 2513 
cm.”^ * Since this is large compared with kT f only the 
ground state ^F 5/2 will contribute appreciably to the sus- 
ceptibility at low temperatures. 

Since, owing to the intervention of other states beside 
the ground state, the variation of the susceptibility is not 
in general a strict inverse proportionality to the tempera- 
ture, it is convenient to characterize the atom or molecule 
by its ‘‘ effective magneton number ” defined by 

2 __ ^ 3xmoi. 

^ N;82 (5564)2 ’ 

in which peff. is the effective Bohr magneton number and 
Xmoi. tbe molecular susceptibility, /teff. will in general 
vary with the temperature and will only be equal ^to the 
permanent magnetic moment of the atom or molecule 
when the substance obeys Curie’s law, = const. 

Gases 

There exist only two paramagnetic gases which can 
be investigated at low temperatures, oxygen and nitric 
oxide. They are of particular interest on account of the 
great contrast between the temperature variation of the 
susceptibihty in the two cases. 

Expression (11), when applied to the case of a diatomic 
molecule, leads to simple formulae for the susceptibility 
in the two limiting cases of the multiplet intervals being 
very small or very large compared with kT. In the first 
case the population of the sub-levels of the ground state 
is independent of the temperature and the formula 
becomes 

X = 1^' [4S(S + 1) + A2], . . (12) 

* 1 cm.“i “ 1-23 X 10“^ electron volts — 2*92 calories, 
t AiT at room temperature == about 200 cm.-^. 
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in whicli S is the qi^iantum number connected with tln^ 
total spin moment of the molecule, and A that of the com- 
ponent of the orbital angular momentum along the lino 
joining the two nuclei. For a state, as in oxygen 
(separation Ai^ of the three sub-levels about 1 cm.“^), 
S = 1 and A = 0, so that the molecular susceptibility of 

this gas should be given by Xmoi. -= 3^ (L 

number of molecules in the grm. mol.), Xmoi. should there- 
fore be equal to 3*39 X 10~^ at 20° and the gas should 
obey Curie’s law, ;^T = const. 

The most recent determinations of the susceptibility 
of oxygen at low temperatures are those of Woltjer, 
Coopoolse and Wiersma (down to 157° K.), StosseP® 
(down to 136*5° K.) and Wiersma, de Haas and Capel 
(down to 77*6 K.). While Stossel finds the Curie law to 
be obeyed accurately, the Leiden workers claim that this 
is only approximately the case, small deviations occurring 
whicn, according to Wiersma and Gorter, are due to the 
presence of a small number of O4 molecules in the gas. 
The observed molecular susceptibility at 20° C. is 3*42 
X 10“^ (W.C. and W.), other values at room temperature 
being 3*48 X 10“^ (Wills and Hector) and 3*34 x 10“^ 
(Lehrer). 

When the multiplet separations of the ground state 
are large compared with kT, only the lowest sub -level is 
occupied and the formula for a diatomic molecule 
becomes 

^ = + 

in which Z gives the component of the spin moment 
along the line joining the two nuclei of the molecule. 
No paramagnetic diatomic molecule satisfying this 
formula at room temperature is known. The ground 
state of nitric oxide is a normal state (^TI^ has a lower 
energy than separation Av = 120*9 cm.-^, S = |, 
A — 1) with a multiplet interval comparable with kT. 
Its magneton number should therefore be 0 at Absolute 
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Zero as given by (13) and 2 at very high temperatures 
as given by (12) with intermediate values at intermediate 
temperatures. The population of the two sub-levels will 
vary appreciably with the temperature and the expression 
(11) must be used without the simplifications introduced 
in deducing (12) and (13). Van Vleck has shown that 
for this general case the susceptibility is given by 


^ 3fcT 


(14) 


with 



— e ^ xe. ® 
X + xe~^ 


) 


and 


~ 'W' 



0 is therefore the ‘‘ effective ” Bohr magneton number 
and varies with the temperature, as indicated by the 
curve in Fig. 30. 

The theory has been tested experimentally by Bitter, 
by Aharoni and Scherrer, by Stdssel 21 and by Wiersma, 
de Haas and Capel .22 last-mentioned series of 

observations are the most extensive and have been plotted 
in Fig. 30. It will be seen that the agreement with the 
theoretical curve is excellent. The “ effective ” mag- 
neton number varies from 1*852 at 292*1° K. to 1*535 at 
112*8° K., a striking contrast to the behaviour of oxygen. 

Although the effective magneton number becomes zero 
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at Absolute Zero the susceptibility remains finite, because 
(14) contains a term, characteristic of the quantum 
mechanics, which is independent of the temperature and 
of appreciable magnitude in the present case. 

Solids 

The great majority of the determinations of the sus- 
ceptibilities of paramagnetic solids have been made on 
the powdered substance and only these will be considered 
here. The measurements at low temperatures have al- 
most invariably been made by one of two methods. In 
the one case a glass or quartz tube is filled with the powder 
to form a long “ rod,'’ one end of which is placed on the 
axis of the pole -pieces of the electromagnet while the 
other is situated outside the pole-pieces where the field 
is almost negligible. A force then acts on the specimen 
given by F = — ^^)ll (I), where F is the force, 

m the mass of the substance, Hj, Hg the magnetic fields 
at the two ends of the specimen and I is the length of 
the specimen. In the other method a small sample of 
the substance is placed in a non-homogeneous magnetic 

field when a force acts on it givep by F — (II) in 

dH 

which is the gradient of the magnetic field in the 

direction in which the force is measured. At very low 
temperatures y may be a function of H and II is replaced 
dH 

by F ™ which a is the magnetization per unit 

mass. 

The apparatus used by different observers differs 
greatly in the methods of measurement of the force and of 
maintenance of the low temperatures. One typical 
example may be described. Fig. 31 shows diagram - 
matically the apparatus used by Goiter, de Haas and 
van den Handel ^3 for the measurement of the suscep- 
tibility of potassium chromium alum down to I- 34"^ K. 
The specimen A hangs by a quartz rod from one arm of a 
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balance B. The force on A is measured by balancing it 
against the force produced between a fixed coil C and a 



Fig. 31. 


movable coil D, attached to 
the other arm of the balance, 
when a suitable current is sent 
through the coils. The specimen 
is surrounded by a long metal 
tube attached to the balance case 
so that the whole forms an air- 
tight system which can be filled 
with helium gas to provide the 
necessary thermal conduction be- 
tween the cooling bath and the 
substance under investigation. 
The lower end of the metal tube 
is immersed in a bath of liquid 
helium in the inner Dewar vessel 
shown and the latter is protected 
by liquid hydrogen in the ^^uter 
Dewar vessel. The lower por- 
tions of both vessels are of small 
diameter so that they can be 
placed between the poles of the 
electromagnet as shown.* 

The experimental results of the 
investigation of paramagnetic 
solids at low temperatures may 
be briefly summarized as follows. 
From room temperature down to 
a temperature which varies from 
one substance to another but is 
generally between 20° and 100° K. 
the susceptibility is given by 
y(T A) = const., in which A is 


* With some modifications the method can also be used to 
measure the susceptibilities of gases by employing a tube filled 
with gas at high pressure as the “rod” (method I, Woltjor, 
Coopoolse and Wiersma) or hanging a light sealed bulb in an 
atmosphere of the gas (method 11, Stossel, Wiersma, do Haas 
and Capol). 
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a constant (the so-called Weiss law). In certain cases 
A is zero and then the substance frequently obeys 
the simple law down to the lowest temperature in- 
vestigated. In general, however, the susceptibility 
deviates from the Weiss law below some definite tem- 
perature and may increase either more or less rapidly 
with fall in temperature than is given by the linear 
relation between 1 jx and T. 

The constant A is greatly dependent on the nature of 
the substance being smaller the greater the magnetic 
dilution ” of the molecule. For example A for 
Pr 2 (S 04)3 . SHgO is 32'', while that of the anhydrous 
salt is 45°. It can also be positive or negative, being 
positive in the sulphates of the iron group and negative 
in the chlorides. The positive sign is, however, the 
more usual one. 

The temperature variation of the susceptibilities of 
paramagnetic sohds, for which A is positive, has recently 
received a satisfactory explanation which we shall now 
outline very briefly. The discussion will be largely 
restricted to the compounds of the rare earth metals, 
as these are more directly amenable to theoretical 
treatment. 

In Table 20 are given the measurements on cerium 
fluoride (de Haas and Gorter) which may be taken as 
typical of the results obtained with salts of the rare 
earths and which will be discussed in detail later. 
Column 3 shows the validity of the Weiss law with 
A equal to 62 at the higher temperatures and its failure 
at lower temperatures, (x is the susceptibility cor- 
rected for the diamagnetism of the anion.) 

We will now consider the theoretical interpretation 
of the observations on paramagnetic solids, making 
first the simplest possible assumptions, and comparing 
the results so obtained with the experimental values, so 
as to determine in what directions the theory must be 
extended before a complete explanation can be obtained. 

Let us first suppose the paramagnetic ions in the solid 
are completely free, that is, are subject to no external 
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Table 20 
CeFs 


T. 


Z'(T+ 62).10*. 

293-0° K. 

IIO 9 

39-86 

249-0 

12-7i 

39*97 

203-8 

14-8, 

39-95 

169-5 

17-08 

39-86 

135-2 

2 OI 4 

40-00 

77-53 

29-le 

40-88 

64-08 

.32-9o 

41-68 

20-42 

75-7 1 

62-47 

17-15 

87-3 

69-18 

14-48 

100-7 

77-09 


influence but that of the applied magnetic field and that 
the energy separations between the components o£ the 
fundamental multiplet are very large compared with 
kT. Only the ground state, J = L — S or L + S, 
according as the multiplet is “ normal ’’ or ‘‘ inverted,'’ 
will then contribute to the susceptibility and, if we 
neglect a term which is independent of the temperature 
and is usually small, (11) reduces to 


4 - 1 ) 

SkU 


(15) 


in which g is the Lande factor and is equal to 

, , J(J + 1) -f S(S + 1) - L(L + 1) 

2J(J + 1) 

(15) has been applied by Hund with considerable 
success to the compounds of the rare earths. By apply- 
ing certain empirical rules Hund was able to deduce 
which of the possible states of an ion of a given electronic 
configuration has the lowest energy and so is the ground 
state. Column 2 of Table 21 gives the ground states 
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SO deduced for the trivalent ions of the rare earths, assum- 
ing that the multiplets are normal in the first half of the 
group and inverted in the second half. Column 3 
gives the Bohr magneton numbers calculated from the 
data of column 2 by means of formula (15) : — 

Table 21 


+ + + Ion. 

Ground 

State. 

(Hund.) 

(V.V. & E.) 

^cff. 

La . 

LS 

000 

0-00 

Diarnag. 

Ce . 


2-54 

2-56 

2*43, 2-39, 2*27 

Pr . 


3-58 

3-62 

3*40, 3-60, 3-52 

Nd . 


3-62 

3*68 

3*60, 3-62, 3-52 

Ill . 

‘I 4 

2-68 

2-83 

— 

Sm , 


0-84 

1-55 

1-56, 1-54, 1*53 

Eu . 

’'"0 

0-00 

3-40 

3'60, 3-64, 3-34 

Gd . 

».S 

7-94 

7-94 

7-87, 8-18, 7-78 

Tb . 


9*7 

9-7 

9-60, 9-62, 9-35 

Ds . 

“Hi,,. 

10-6 

10-6 

10-50, 10-63, 10-51 

Ho . 

*Is 

10-6 

10-6 

10-45, 10-63, 10-45 

Er . 

*■^15/2 

9*6 

9-6 

9-43, 9-58, 9-34 

Tu . 


7'6 

7-6 

7-52, — , 7-11 

Yb . 


4*5 

4-5 

4-34, 4-57, 4-42 
Diarnag. 

Lu . 

IS 

000 

0-00 


The values in column 3 may be compared with those of 
Meff. (column 5), deduced from observations on solids 
for room temperature. It will be seen that with the 
exception of Sm and Eu there is general agreement. 
Since, however, (15) necessarily implies the validity of 
Curie’s law, yT = const., good agreement can only be 
expected for the cases in which A is zero or small. 

The discrepancies with Sm and Eu are, however, of 
particular interest, as showing one direction in which 
the simple theory needs extension. As Van Vleck and 
Franck have shown, we must discard the assumption 
that the multiplet intervals are large compared with 
AT. We may then have contributions to the suscepti- 
bility from all tfie 2J -j- 1 components of the fundamental 
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multiplet and we must also retain the term previously 
neglected. (11) then becomes 
L + S 

N i; {[g/mJ + 1)/3^T] + aj}(2J + l)e- W 

^ "" 2'(2J + l)e-V/w 

Ej® is the energy of the state with quantum number J 
in the absence of a magnetic field, and aj is the term 
independent of the temperature which Van Vleck has 
shown to enter necessarily into the quantum mechanical 
calculation of y and which can be interpreted physically 
as the contribution of the component of magnetic mo- 
ment perpendicular to the angular momentum vector. 

To evaluate (16) we must know the positions of the 
energy levels, Ej. The actual multiplet intervals of 
the trivalent ions of the rare earths have not .been 
determined spectroscopically, but they can be calculated 
from a formula by Goudsmit, giving the over-all width 
of the multiplet, that is the energy separation between 
the outermost components, J ~ L — S and J == L + S. 
The actual intervals between the various components 
can then be obtained by applying the rule that while 
the over- all width is proportional to 

i[j inax.(Jmax. “h 1) Jmin.(Jrain. + 1)] 

the interval between the components J and J -j- 1 is 
proportional to J + 1. The multiplet intervals for 
Ce+++, Pr+++, ISrd+++, Sm+++ and Eu+++ calculated in 
this way are given in Fig. 32. 

At low temperatures we are mainly concerned with 
the interval between the lowest and the next higher 
level. For the ions mentioned above this interval is 
2513, 2113, 1813, 932 and 255 cm.~^ respectively. Thus 
since kT at room temperature is about 200 cm.“^, the 
contribution of the higher level to the susceptibility 
will be appreciable at this temperature for samarium 
and europium, but very small for the other ions. 
Column 4 gives the values of /xeff. (room temperature) 
calculated by Van Vleck and Miss Franck, using the 
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more general expression (16). It will be seen that the 
discrepancies for samarium and europium have now 
disappeared, while the agreement in the other cases re- 
mains as good as before. According to (16) the sus- 
ceptibilities of samarium and europium compounds 
will deviate greatly from Curie’s law. Their theoretical 
temperature variations have been calculated by Van 
Vleck and Miss Franck for a wide range of temperatures. 



We shall not deal with these calculations here, as the 
measurements on the solid compounds at low tem- 
peratures do not agree well with the theoretical values, 
because there is still another important factor to be 
considered in the complete treatment of the problem. 

We have so far considered the ions to be “ free,” 
whereas they are undoubtedly acted upon by relatively 
large and generally asymmetric electrostatic fit‘lds due 
to the presence of the surrounding atoms or ions in the 
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crystal. The effect of this ‘‘ crystalline field ” will be 
similar to the Stark effect on free atoms, that is, each 
level of the ion will be split up into a number of sub- 
levels. Bethe has calculated theoretically the effect 
of such a field on any given ground state of the ion and 
has shown that the magnitude of the splitting and the 
number of components depends on the magnitude and 
symmetry of the crystalline field. The energies of the 
components in the absence of a magnetic field having 
been determined by Bethe’s theory, their energies in 
the presence of a magnetic field can then be calculated 
and inserted in (11) to obtain the susceptibility. It 
has thus been found possible to account quantitatively 
for the variation of /xeff. for various rare earth ions over 
the whole range of temperature investigated by suitably 
choosing the symmetry of the crystalline field and the 
magnitude of the constants involved. The theory is 
too complicated to reproduce here in detail, but some of 
its general features may be outlined and illustrated with 
the aid of a few definite examples. 

The effect of the crystalline field on the ground state 
may be summarized as follows : (1) A highly asymmetric 
field splits up the level into its maximum number of 
components, 2J + 1, but when the ion contains an odd 
number of electrons, i.e. J is half-integral, the com- 
ponents consist of J -| I pairs of coincident levels 
(Kramers), or, as it is usually expressed, each component 
is doubly degenerate. This fact has a very important 
bearing on the behaviour of /Xeff for ‘‘ odd ” and “ even ” 
ions at lowest temperatures. (2) In a more symmetric 
field the number of components may be less than the 
maximum, due to some of the levels being further 
degenerate. This will be illustrated later for the par- 
ticular case of the Pr'^ ' ion. (3) The crystalline field 
has to a first order of approximation no effect on an 
8 state.* Ions whose ground state is a 8 state will 

* When the calculation is carried out to a higher order of 
approximation a very small splitting is, however, also found for 
an S state r 



MAGNETISM 


109 


therefore behave in a solid as if they were '' free ” and 
the Curie law should be found to be valid over a wide 
range of temperature. This is indeed the case with 

magnetically dilute ’’ substances containing such ions. 
Thus, for example, gadolinium sulphate (ground state 
^S) obeys Curie’s law for weak magnetic fields down to 
1-3° K. (Woltjer and Kamerlingh Onnes ^7) and man- 
ganese ammonium sulphate (ground state ®S) down to 
14° K. (Jackson and Kamerlingh Onnes The mag- 
netic data are thus in entire agreement with the thermal 
data (p. 61), which shows that the second order splitting 
of the ground state of the Gd^^^ ion is of the order of 
0*2 cm.“^ and so would only cause appreciable deviations 
from Curie’s law at a temperature of about 0-1° K.* 

As typical examples of these calculations we may now 
consider the interpretation of the experimental data on 
CeFg, Pr2(S04)3 . SHgO and Nd2(S04)3 . 8H2O (Gorter 
and de Haas 2^). The first substance has been theoreti- 
cally examined by Kramers,^® the others by Penney and 
Schlapp.^^ The experimental values of the susceptibility 
of CeF3 given in Table 20 can be quantitatively repro- 
duced by assuming a crystalline field of trigonal sym- 
metry in agreement with the crystallographic symmetry 
of the crystal. The ground state ^Fg/g is split up into 
three (doubly degenerate) components with the following 
separations : Ej 0, E2 — 113 cm.“^, E3 = 489 cm.“^. 
For the higher temperatures the susceptibility is found 
to be given by 

_ 1) K 

^ 3A;T ^ T*' 

This can be re-written in the fornl of the Weiss law 
x(T + A) — const, if A is now allowed to vary with the 

* Since an S state ion behaves as if it were gaseous, it is to be 
expected that crystals containing such ions will be magnetically 
isotropic independently of the crystalline symmetry of the 
substance. This has been shown to be the case, for example, 
with the hexagonal crystal, gadolinium ethylsulphate (Kamer- 
lingh Onnes and Jackson) and various monoclinic manganous 
and ferric salts (Rabi, Jackson). 
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temperature. In this way we obtain the following 
values for A : — 

T -= 50^ 100° 160° 200° 300° 

A -= 51° 60° 61-5° 61° 56° 

The slow variation of A with the temperature shows 
why the Weiss law holds for this substance between 
about 150° K. and 290° K., the reason being obvious 
from the separations of E^, Eg, and E 3 given above. 
Below 150° K. Eg is only partially excited, while between 
150° K. and 290° K. the population of Ej^ and Eg will 
hardly vary and E 3 is not appreciably excited until a 
temperature of about 700° K. is reached. 

The calculations bring out clearly the fact that A 
is only approximately constant over a limited range 
of temperature and has no definite physical significance. 
It is therefore more appropriate to exhibit the effect of 
the crystalline field by giving the variation of peff. with 
the temperature. 

Pr 2 (S 04)3 . SHgO and Ndg(S 04 ) 3 . SHgO are two salts 
of similar chemical composition, the one containing 
an ion with an even number of electrons (Pr^^"^) and the 
other an odd number (Nd^'^"^). They both obey the 
Weiss law at the higher temperatures with A equal to 
32° and 45° respectively. At lower temperatures, 
however, the susceptibility of the prseseodymium salt 
increases less rapidly with fall in temperature than is 
given by the Weiss law, the neodymium salt more 
rapidly. It is therefore interesting that Penney and 
Schlapp have shown that the experimental results for 
both compounds can be explained on the assumption 
of a crystalline field of cubic symmetry. The ground 
state of the Pr'^'^'^ ion (^H^) splits up into four com- 
ponents * with an over-all splitting of 389 cm.“^, that of 
the ion into three components with an over-all 

* To explain the experimental results for anhydrous Pr 2 ( 804)3 
it is necessary to postulate a crystalline field of rhombic sym- 
metry and then the ground state splits up into its maximum 
number of components, i.e. nine. 
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splitting of 834 cm.”^. The calculated values of peff. 
are given by the curves in Fig. 33. It will be seen that 
the agreement between the theoretical and experimental 
values is excellent. 

These curves illustrate clearly the difference at 
lowest temperatures between ions with odd and even 
numbers of electrons. In the former case the com- 
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ponent of lowest energy is always non-degenerate, with 
the result that the susceptibility becomes independent 
of the temperature and tends to zero at Absolute 
Zero, while in the latter case, in which the lowest 
component is doubly degenerate, the susceptibility still 
varies with the temperature and peff. tends to a finite 
value at Absolute Zero. At the higher temperatures 
the curves asymptote to the values given by (15), i.e. 
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“ 3*58 for Pr and 3-62 for Nd^ “' shown dotted 
in Fig. 33. It should be noted that we have only con- 
sidered the effect of the surrounding atoms on the 
ground state of the paramagnetic ion. In order to 
complete the theoretical treatment and in particular 
to explain the results of Freed, Wiersma and Schultz 
and Sucksmith on various samarium compounds 
and of Sucksmith on europium oxide at low tem- 
peratures, it will be necessary to calculate also the effect 
of the crystalline field on the next higher level of the 
fundamental multiplet. 

It will be seen from this brief account of the results 
of the crystalline field theory that we are now able to 
account satisfactorily for the variation of the suscep- 
tibilities of crystalhne paramagnetic compounds over 
the whole range of temperature over which they have 
been measured and that the experimental results now 
furnish valuable information about the crystalline 
state. The actual energy levels of the paramagnetic 
ion can be calculated and the symmetry and magnitude 
of the electrostatic field in which it is situated can be 
determined. The position of these energy levels can 
be further tested by measurements of the specific heat, 
as mentioned in Chapter IV, and in the case of the rare 
earths * by a study of the absorption spectra of the 
crystals. All these lines of investigation are being 
actively pursued at low temperatures and our knowledge 
of the subject is rapidly becoming a coherent whole. 

The phenomena shown by the ions of the iron group 
are more complicated. The incomplete group of elec- 
trons responsible for the paramagnetism is now the outer- 
most group of the ion and, further, the multiplet intervals 
are much smaller than in the rare earth group. Van 
Vleck has shown that the effect of the crystalline field is 

* Crystals of the salts of the rare earths give lino absorption 
spectra, the sharpness of the lines increasing as the temperature 
is lowered. These spectra have been investigated by Freed, 
Spedding and others, but the interpretation of them is only in 
its initial stages. 
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then to uncouple the L and S vectors and partially or 
completely “ quench ” the L moment. The magneton 
number then lies between that given by writing S for J 
in (15), i.e. spin moment only, and that obtained from 

^ N,W(S L(L + in L and S effective 

but uncoupled from one another, in agreement with the 
experimental values. The theory has not yet been 
worked out so completely for the iron group as for the 
rare earths and the former will not therefore be discussed 
in detail here. 


Paramagnetic Saturation 


When the ions in a crystalline solid can be considered 
as free and are all in the same energy state, the mag- 
netization per gm. ion is given by 


+J 

Z Me 


fcT 


a 


M=-J 

— MggH 

2e- 


(17) 


in which M takes successively the values J, (J — 1) . . . 
— (J “ 1), — J, corresponding to the possible orienta- 
tions of the magnetic moment with respect to the direc- 
tion of the magnetic field. (17) can be transformed into 

= .... (18) 

with B(x) = coth [~ 2 j— ) - 2j 

This may be compared with the classical Langevin for- 

M H AjT \ 

coth^^ — (18) has been plotted 

in Fig. 34 for the case J = 7/2, together with the classical 
formula with the same slope at the origin and thus the 
same p-eff.. 

8 
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For small values of (18) gives a linear relation 

between g and H/T (Curie’s law, x independent of H) and 
reduces to expression (15). For larger values of 

the curve bends over so that the magnetization is no 
longer proportional to H but tends more and more to a 
“ saturation ” value when the ionic magnetic moments 
are completely aligned by the field. At room tempera- 
ture the value of • is so small even with the strongest 
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magnetic field obtainable that the magnetization lies on 
the initial straight part of the curve and to observe the 
approach to saturation it is necessary to extend the 
measurements to very low temperatures. 

Woltjer and Kamerlingh Onnes therefore deter- 
mined the magnetization of gadolinium sulphate, 
Gd 2 (S 04)3 . SHgO, at temperatures down to 1*31° K. and 
in magnetic fields up to 22,000 gauss. It has since ap- 
peared that the choice was a very suitable one, as the 
substance is very “ dilute ” magnetically and the ion 
Gd+++ has a ^ 87/2 ground state so that the conditions 
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under which (18) is valid are well fulfilled. Definite 
evidence of saturation was obtained and the experimental 
points, some of which are plotted in Fig. 34, fitted well on 
the curve of expression (18) with J equal to 7/2 as re- 
quired by the ^87/2 ground state. At the highest field 
strength and lowest temperature used the observed 
magnetization reached about 95 per cent, of that which 
would be produced by the complete alignment of the 
ionic moments. 

Gorter, de Haas and van den Handel more recently 
investigated potassium chromium alum, K2SO4 . Crg (804)3, 
24H2O, down to 1*34° K. and observed similar saturation 
phenomena. From the behaviour of this substance at 
higher temperatures, where it obeys Curie’s law accurately, 
it must be concluded that the magnetic moment of the 
(^r++-»- ion is due entirely to the spin moment (8 = 3/2), 
the L moment being completely suppressed by the 
‘‘ crystalline field.” In agreement with this the observed 
magnetizations lie on the curve of expression (18) when 
J is taken as 3/2. 

An examination of the quantum theory curve and the 
classical one discloses a characteristic diference between 
the two theories. For a given value of /itcff. defined as on 
p. 98 and derived from observations at higher tempera- 
tures, the quantum theory gives a saturation moment 
of NJgrjS = N(J/J + l)Veff.j while the classical theory 
gives NjUeff, Thus in Fig. 34 the asymptote of the clas- 
sical curve is at “ 1 , whereas that of the quantum 

N/Xeff. ^ 

curve is at (|^)1 = 0*88, the dotted line. The explanation 
of the difference lies in the fact that according to the 
quantum mechanics, the angular momentum of an atom 
is given by {J(J + 1)P . hl27T and that in a magnetic field 
the atom processes round the direction of the field so that 
the component of the angular momentum along the field 
is (J, (J — 1), . . . — (J — 1), — J)/i/27r. Thus at satura- 
tion the total angular momentum makes an angle of 

cos~^ ( Yfj - ] ~Y \ ^ field, whereas in the classical 

\J(J + 1)/ 
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case the magnetic moment is aligned parallel to the field 
when the substance is saturated. 

Magnetic Rotation of the Plane of 
Polarization 

When plane polarized light is passed through a trans- 
parent substance placed in a magnetic field the plane of 
polarization is rotated. With diamagnetic substances 
the rotation is proportional to the applied magnetic field 
and independent of the temperature ; with paramagnetic 
substances it is of the opposite sign, proportional to the 
field and inversely proportional to the absolute tempera- 
ture at the higher temperatures. It thus appears that 
the rotation is proportional to the magnetization of the 
substance and that therefore it should show saturation 
phenomena at sufficiently low temperatures in the case 
of paramagnetic solids. This has been shown to be the 
case by Becqucrel and de Haas.^^ They measured the 
rotation of single crystals of various minerals such as 
tysonite (a complex fluoride of Ce, La, Nd and Pd) and ol 
certain pure salts such as dysprosium ethyl sulphate in 
fields up to 30,000 gauss and at temperatures down tc 
1*3° K. The phenomena shown by Dy(C 2 H 5 S 04)3 . OHaO 
are the simplest observed and most readily interpretable 
only these will be discussed here. 

The theory of the paramagnetic rotation of the plane 
of polarization has been developed by Kramers on the 
basis of his calculations of the effect of the ‘‘ crystalline 
field ” on the energy states of paramagnetic ions ir 
solids. He has shown that if the temperature is so lo\v 
that all the ions are in the lowest sub-level into whicli 
the ground state is split in the crystal the rotation is 
given by : 

a> = a tanh + 6H, . . (19; 

in which fx is the effective magnetic moment of the ion ir 
the direction concerned, a and b are constants and the 
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second term is small compared with the first. The curve 
of CO as a function of H/T is thus similar to those of Fig. 34 
and the rotation shows a definite saturation for high 
values of H/T. 

The observations of Becquerel and dc Haas on 
Dy(C 2 H 5 S 04 ) 39 H 20 at 4-21° K. and 1-62° K. for the case 
in which the direction of the magnetic field and that of 
propagation of the light are coincident with the principal 
axis of the (hexagonal) crystal can be accurately repre- 
sented by Kramers’ formula with an effective magnetic 
moment of 5*66 ^ in excellent agreement with the value 
(5*67 p) derived from susceptibility measurements at 
these temperatures. It is furthermore the only case in 
which practically complete saturation has been observed, 
the curve at 27,000 gauss and 1*62° K, being lower than 
the asymptote by less than 1 part in 100,000. 

Since the ground state of the dysprosium ion is split 
into eight doubly-degenerate sub-levels by the ‘‘ cry- 
stalline field,” the simple formula (19) will no longer hold 
when the temperature is high enough for the separation 
between the sub-levels and kT to be comparable, because 
then the higher sub -levels will also contribute to the 
observed rotation. This proves to be the case for the 
observations at 14*12° K. and 20*35° K. Since kT at 
14*12° K. is about 10 cm.~^, the (as yet unknown) separa- 
tion, Av, between the lowest and the next higher sub- 
level of the dysprosium ion must be less than or at most 
comparable with that value. 

The magnetic rotation of the plane of polarization by 
crystals at very low temperatures thus enables one to 
observe the phenomenon of paramagnetic saturation 
more readily than the rather laborious susceptibility 
measurements, and further investigation will furnish 
valuable information regarding the energy states of para- 
magnetic ions in crystalline solids and the intensity and 
symmetry of the “ crystalline field.” 
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